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Abstract

Much like robust data interconnects in classical networks, photonic quantum interconnects

will be essential for high-fidelity transmission of quantum information between spatially-

separated nodes in a quantum network. For matter-based qubits, this requires efficient

light-matter interactions to extract quantum information from qubits in the form of light

and convert it to telecom wavelengths for low-loss transmission through fibers. Cavities, by

modifying the electromagnetic environment of emitters and enhancing interaction strengths,

provide a powerful tool for enabling such interfaces. Leveraging techniques from atomic

physics, nonlinear optics and geometric optics, this thesis presents cavity-based schemes for

frequency and spatial mode conversion of light, as well as new cavity architectures with in-

tracavity optics. The first part of the thesis demonstrates transduction of millimeter-wave

photons to near-infrared optical photons using an atomic ensemble coupled to a simulta-

neous optical-millimeter-wave cavity, achieving an internal conversion efficiency of 58(11)%,

a conversion bandwidth of 360(20) kHz, and added thermal noise of 0.6 photons. Extend-

ing the idea of dual-cavity enhancement for frequency conversion, the thesis introduces an

optical cavity with an intracavity nonlinear crystal that enables strong coupling between

cavity modes for optical-to-optical frequency and spatial mode conversion. Additionally, by

integrating macroscopic intracavity optics into moderate- to high-finesse cavities, this work

demonstrates a large-scale cavity array with approximately 30 × 30 cavities, high-bandwidth

modulation of a high-finesse cavity using an intracavity nonlinear crystal, cavities with lenses

supporting finesses over 10,000, and cavities with patterned end-mirrors. These techniques

provide pathways for efficient extraction and transfer of quantum information in the form

of light, supporting applications in quantum networking, scalable modular architectures for



fault-tolerant quantum computing, and hybrid quantum systems. Beyond quantum informa-

tion science, they also address technical challenges such as aberration correction in degenerate

cavities and high-bandwidth cavity stabilization, while offering unique platforms for sensing

and simulation.
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Chapter 1

Introduction

Light-matter interactions are an integral part of our interactions with the world around

us. They are also the backbone of technologies such as lasers, cameras and displays, solar

cells, long-distance communication, to name a few. A deeper understanding of light-matter

interactions has helped us observe exciting phenomena such as photon entanglement [1–4],

and enabled intricate control of individual atoms and collections of atoms [5–8].

In the recent years, studies of light-matter interaction have assumed importance in the

context of development of quantum information processing. A deep understanding and con-

trol over these interactions enables precisely initializing, manipulating and detecting quan-

tum states across platforms. As examples, atoms and solid state systems interact with

electromagnetic radiation in the visible and near-infrared ranges, superconducting qubit

platforms interact with microwave frequencies, and qubits based on light, in turn, rely on

interactions with material such as non-linear crystals to change their states.

As these systems are maturing and growing in size, there is a need for ‘quantum in-

terconnects’ [9] – capabilities that can move information1 between different platforms and

modalities. This is in analogy to the classical information ecosystem where classical comput-

1. There are currently two common approaches, the ‘pitch-and-catch’ method, and the heralded entangle-
ment method to effectively transfer the quantum states via photons, with the latter preferred for long-distance
communication with optical photons.
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ers rely on information being converted from one form to another and exchanged between

different locations. Information is processed as voltages in transistors in our computer pro-

cessors, converted to magnetic spins in a hard disk, broadcasted as electromagnetic radiation

through Wi-Fi, and sent as photons over long distances in fibers. For quantum interconnects,

light-matter interaction is crucial to coherently convert the fragile quantum information en-

coded in individual platforms to photons for movement. At the microscopic level, typical

interactions of individual photons with matter tend to be very weak. For this reason, for

matter-based qubits, reading out information in photons is desirable because of lower losses

in transmission. Additionally, not all photon frequencies are suited for low-loss transmission

between different spatial locations. Conversion of the readout signal to telecom wavelengths

is preferred, again requiring the aid of light-matter interactions to mediate the conversion.

The ability to efficiently convert photons between different frequencies while preserv-

ing their quantum properties is crucial for the development of several practical quantum

technologies:

1. In quantum networks, for example, the ability to interface similar or different

quantum platforms requires coherent frequency conversion between their native operating

frequencies. A particularly relevant example is the conversion between microwave and optical

frequencies, which would enable long-distance quantum communication between supercon-

ducting quantum processors through optical fibers, circumventing the practical limitations

of using cryogenic microwave transmission lines.

2. Interfacing hybrid platforms: Some quantum systems are better suited for one

task over the other, for instance, superconducting qubits are great at high-fidelity gates [10]

while diamond NV-centers are good quantum memories [11]. Even within a platform such as

neutral atom arrays, using different species can enhance its capabilities. Interfacing between

multiple platforms will be crucial to realize a fully capable quantum information processor.

3. In the present era of Noisy Intermediate-Scale Quantum (NISQ) devices, hardware
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constraints necessitate modular architectures for implementing error correction to scale

up quantum computers. Such architecture will require quantum repeaters and high-fidelity

photonic interconnects between computational modules, where photons would serve as ideal

information carriers.

1.1 Thesis themes

With weak light-matter interactions, the challenge lies in achieving such frequency con-

version at the single-photon level while maintaining quantum coherence. Cavities offer a

useful capability: they confine the electromagnetic field in a smaller volume in space, en-

hancing the absorption and emission of an emitter into the cavity mode compared to free

space. Cavities have been crucial to the development of lasers, spectroscopy [12, 13], metrol-

ogy [14–17], quantum information processing [18–24] and experimentally studying some of

the fundamental aspects of quantum mechanics [4].

In this thesis, we will discuss experiments that explore the deployment of cavities for

frequency coupling and conversion, and present new cavity designs with intracavity optics

that could aid effective and scalable readout of matter-based optical qubits.

1.1.1 Cavity-enhanced frequency coupling and transduction

After a brief introduction (chapter 2) of cavity-QED concepts and terminology used through-

out the thesis, a significant portion of this thesis will focus on dual-cavity-enhanced frequency

coupling of light in two regimes:

1. Millimeter-wave photons to optical photons [25] (chapters 3 and 4): Using neu-

tral Rubidium-85 atoms within a hybrid 3D superconducting resonator and an optical

resonator in a cryogenic vacuum chamber, we demonstrate conversion between 100 GHz

photons and 384 THz photons with an internal conversion efficiency of 58(11)% and an
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external conversion efficiency of ∼2.5%. At the maximum conversion, the bandwidth

was measured to be 360(20) kHz. At the 5K operating temperature, we characterized

the added noise of ∼ 0.6 mean photons coming from the thermal background.

2. Optical-optical photons [26] (chapter 5): Using a frequency-coupling nonlinear crys-

tal, we present a cavity that supports (Floquet) eigenmodes that exist at two optical

wavelengths simultaneously. We demonstrate strong coupling of the optical modes

and present proof-of-concept demonstrations of classical transduction from 780 nm to

516 nm with 30% overall conversion efficiency, and coupling higher-order spatial modes

between the two frequencies.

In chapter 6, the thesis briefly discusses the similarities and differences between the two

approaches.

1.1.2 Macroscopic intracavity optics

While working with a well initialized atomic ensemble of a few 1000s of atoms with a well

defined energy structure inside a cavity does not introduce internal losses for the cavity,

inserting macroscopic optics with O(1023) atoms compacted together into a solid invariably

introduce more losses for light due to factors such as absorption by material, absorption due

to presence of impurities during manufacturing and scattering off the bulk surface of the

optic. However, once the losses are managed, intracavity optics such as lenses, lens arrays

and nonlinear crystals can diversify the tool box of cavity QED by adding new functionality

to cavities. After an overview of the primary loss mechanisms in chapter 7, the thesis will

discuss experiments with

1. Intracavity nonlinear crystals (chapters 5 and 7) for RF- and optical- modulation

of cavities. Using a nonlinear crystal as a phase modulator, the thesis demonstrates

high-bandwidth cavity modulation and stabilization of high-finesse (F = 5000) cavities,
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and optical frequency coupling.

2. Intracavity lenses (chapters 7 and 8) to reduce cavity astigmatism for twisted res-

onators, build high-NA resonators for strong coupling to atoms at low finesse, and build

nearly-degenerate cavities with non-vanishing waists to explore connectivity between

spatially separated points in a cavity plane.

3. Intracavity microlens array (chapter 7) to scale to a cavity array of ∼ 30× 30

cavities.

We will conclude (chapter 9) with the prospects of combining these devices to aid cavity-

based readout and networking. The appendices A.1-A.9 list additional calculations and

material necessary to support the thesis.
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Chapter 2

Cavity QED

In free space, emitters such as atoms couple weakly to the continuum of electromagnetic

modes [27]. Cavities modify this interaction by supporting discrete, well-defined modes that

the emitter can preferentially absorb from and emit into. This enhanced coupling posi-

tions cavities as effective tools for fast and efficient qubit-readout and frequency conversion.

Strong coherent interactions enabled by cavities can also generate high-fidelity entanglement

between emitters, essential for gates, quantum-enhanced metrology, and quantum simulation.

The key figure of merit that quantifies the strength of cavity-mediated interactions relative

to dissipation is the cooperativity C, which captures the ratio of coherent interactions to

dissipation.

This chapter lays the theoretical groundwork common for the experiments described in

the remainder of the thesis. Section 2.1 focuses on optical Fabry-Pérot cavities, defining

key cavity parameters and modeling cavity input-output response using Langevin equa-

tions—a formalism central to both the millimeter-wave and optical transducers presented

later. Section 2.2 outlines a formal treatment of atom–cavity interactions, including the

Jaynes–Cummings Hamiltonian and strategies for enhancing cooperativity. For in-depth de-

scription of fundamentals of cavity optics and light-matter interactions, the reader is referred

to standard texts [27–30].
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2.1 Optical Fabry-Pérot resonators

Let us consider a Fabry-Pérot cavity of length L formed by two curved mirrors with radii of

curvature R1 and R2. The boundary conditions imposed by the mirrors on solutions to the

paraxial wave equation (derived from the Helmholtz equation) yield discrete eigenmodes.

The resonance condition for constructive interference every round trip requires that each

mode accumulate a total phase of 2π upon a round trip. In a planar-mirror cavity, the

modes can be understood simply by fitting integer multiples of half-wavelengths along the

cavity axis. However, with curved mirrors, the Hermite-Gaussian profiles of transverse modes

add an additional Gouy phase due to wavefront curvature, which is also included in the total

round-trip phase.

Defining

g1 = 1− L

R1
, g2 = 1− L

R2
, (2.1)

longitudinal mode index q and transverse mode indices (n,m), the resonance frequencies of

the cavity are [28]

νqnm = (q +
n+m+ 1

π
arccos(

√
g1g2))

c

2L
, (2.2)

where 2(n+m+ 1)arccos(√g1g2) is the round-trip Gouy phase accrued by the mode.

2.1.1 Common terms and definitions

The free-spectral range (FSR) of the cavity is defined as the inverse of the cavity round

trip time Trt = c/2L. From Equation 2.2, every longitudinal mode is separated by the FSR

in frequency. The transverse-mode spacing (TMS) is the spacing between consecutive

transverse modes of the cavity, given by TMS = FSR × Round-trip Gouy phase/2π. The

linewidth κ corresponds to the full-width half-maximum (FWHM) of the cavity transmis-

sion at resonance (a Lorentzian profile as will be seen in Section 2.1.3) and is a measure of

losses in the cavity.
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In the thesis, we shall use three terms extensively in the context of optimizing transducer

conversion efficiencies: the external linewidth, the internal (coupling) linewidth and the

total linewidth. The external linewidth solely accounts for contributions from necessary

‘losses’ from the coupling ports of the cavity, for example, transmission through an end mirror

and is calculated by κext = T × FSR (in angular frequency), where T is the transmission

coefficient of the coupling mirror. The internal linewidth is determined by intrinsic losses

in the cavity – absorption and scattering losses, or transmission through mirrors not being

used for incoupling or outcoupling. The probability of the photon being in the cavity falls off

as exp(−κt), where κ = κint + κext is the linewidth (total linewidth) of the cavity, defined

in terms of losses.

Two non-dimensional quantities of interest that also quantify losses in a cavity are the

finesse F and the quality factor Q. The finesse is defined as F = FSR × 2π/κ. The

number Nrt = F/2π quantifies the mean number of round-trips a photon makes inside the

cavity before leaking out. In the limit that the round-trip loss Lrt ≪ 1, the finesse can

be equivalently calculated via the expression 2π/Lrt. As we shall see in Section 2.2.4, for

purposes of atom-cavity coupling or cavity-cavity coupling, the finesse assumes an important

place instead of solely the linewidth because F is an indicator of the cavity enhancement of

the interaction by the number of photon roundtrips.

The quality factor Q of an oscillator is the ratio of the total energy stored in the system

to the total energy lost per cycle. For resonators, it is given by Q = ωres/κ. For Fabry-Pérot

cavities, Q is related to F by Q = Fωres/(2π × FSR). For non-Fabry-Pérot like cavities

such as the 3D superconducting resonator discussed in Chapters 3 and 4, the FSR is not

well-defined and Q is a more useful measure than F .
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2.1.2 Quantum Langevin equations for cavities and driven cavities

While classical-field descriptions of cavities1 are useful for building intuition and performing

many analyses, a quantum mechanical treatment requires quantizing the electromagnetic

field. This is achieved using a mode-operator formalism, which not only enables a proper

quantum description but also simplifies certain classical calculations. Without going into the

theoretical rigor of second quantization, we start from the electric field operator and replace

it with a bosonic cavity mode annihilation operator aα(t) [30]

E
(+)
α (r⃗, t) → −

√
ℏωα
2ϵ0Vα

fα(r⃗)aα(t), (2.3)

where ωα is the mode frequency, Vα is the mode volume, and fα(r⃗) is a dimensionless mode

function, describing the normalized spatial profile of the mode.

To describe the dynamics of this quantized mode in an open system, one that is coupled

to external inputs and subject to decay, we can use the Heisenberg-Langevin formalism.

The Heisenberg-Langevin equations for the cavity annihilation operator a(t) in a system

with cavity Hamiltonian Hcav = ℏωca†a, total decay rate or linewidth κ, coupling rate at

the ith port κi, and input flux ain
i is given by

∂ta = −iωca(t)−
κ

2
a(t)−

∑
i

√
κia

in
i , (2.4)

where the first term is derived from the Heisenberg evolution − i
ℏ [a,Hsys] and the last two

terms are derived from the interaction of the cavity with the external bath − i
ℏ [a,Hint], using

the commutation relations [a, a†] = 1 and [a, a†a] = a. The second term represents damping

and the third term represents an input to the cavity. The cavity mode operator and the

1. Methods such as solving for steady-state intracavity fields using boundary conditions, or summing
intracavity fields over multiple round-trips via a geometric series.
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input can be related to the output via the input-output relation

aout
i (t)− ain

i =
√
κext
i a(t) (2.5)

2.1.3 Example: reflection and transmission from a driven cavity

For a double-ended cavity with coupling linewidths κi at the two ports, total linewidth κ

and input at both ports, we can write

∂ta = −iωca(t)−
κ

2
a(t)−

√
κext
1 ain

1 −
√
κext
2 ain

2 (2.6)

For a steady-state analysis for a driven cavity, it is helpful to switch to the frequency

domain, so that the time-dependent operators can be replaced by frequency-domain opera-

tors. Assuming no input from the second port, we write for the cavity response to a drive

at frequency ω:

(−i(ω − ωc) +
κ

2
)a(ω) = −

√
κext
1 ain

1 (ω) (2.7)

Solving for a(ω) and using the the input-output relations, we immediately get both

the transmission aout
2 =

√
κext
2 a(t) =

( √
κext
1

√
κext
2

i(ω−ωc)−κ/2

)
ain
1 (ω) and the reflection aout

1 =√
κext
1 a(t) + ain

1 =

(
1 +

κext
1

i(ω−ωc)−κ/2

)
ain
1 (ω). The fraction of photons transmitted and

reflected can be calculated from
∣∣∣∣aout

2

ain
1

∣∣∣∣2 and
∣∣∣∣aout

1

ain
1

∣∣∣∣2.
2.2 Atom-cavity interaction

Having developed the formalism for modeling a cavity’s response to external inputs, we now

turn to the central feature of cavity QED: the interaction between a quantized field and a
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quantum emitter. The simplest case involves a two-level atom coupled to a single cavity

mode, described by the Jaynes-Cummings Hamiltonian.

ĤJC = Hcav +Hatom +Hint

= ℏωc â†â+ 1
2ℏω0 σ̂z + ℏg

(
σ̂+â+ σ̂−â†

) (2.8)

where a† and a are the cavity mode creation and annihilation operators, σz = |e⟩ ⟨e|−|g⟩ ⟨g|,

and σ+ and σ− are raising and lowering operators for the atom. g describes the rate of

exchange of excitation between the atomic dipole µ with the atom initially in the ground

state, and the electric field corresponding to one photon in the cavity at frequency ω and

mode volume Vm

g0 =
µ⃗ · E⃗cav

ℏ
=

√
µ2ω

2ϵ0ℏVm
(2.9)

2.2.1 Vacuum Rabi Splitting

In the single-excitation subspace spanned by {|g, 1⟩ , |e, 0⟩}, where |g, 1⟩ denotes the atom in

the ground state (g) with one photon in the cavity mode, and |e, 0⟩ represents the atom in

the excited state (e) with no photons in the cavity, the Jaynes-Cummings Hamiltonian can

be written as a 2× 2 matrix:

H
(1)
JC = ℏ

ωc g

g ω0

 . (2.10)

At resonance (ωc = ω0), the eigenvalues are E± = ℏω0 ± ℏg, with an energy separation

of 2ℏg between the two eigenstates. In a spectroscopic measurement, one observes two

peaks separated in frequency by 2g (figure 2.1a), referred to as the single-atom vacuum Rabi

splitting (VRS).

More generally, when the system contains n excitations shared between the atom and the

cavity field, the Jaynes-Cummings model predicts that the eigenstates are split by 2g
√
n.

This anharmonic energy level structure underlies the nonlinearity of cavity QED systems
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with a single atom.
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Figure 2.1: Vacuum Rabi splitting. (a) The cavity probe couples to the cavity modes which
split in energy when coupled to atoms at resonance. The width of the split peaks have equal
contributions from atom- and cavity- loss (b) Vacuum Rabi oscillations in time if there was
no loss from atoms or cavity (c) Vacuum Rabi oscillations with loss.

Temporally, the energy between the atom and the cavity photon is continuously ex-

changed at rate g in the lossless case. If the system is initially prepared in |e, 0⟩ (atom

excited, no cavity photons), the probability of finding the atom in the excited state at time

t oscillates at frequency ΩR = 2g (figure 2.1).

2.2.2 Spontaneous Emission

An excited two-level atom (or emitter) returns to its ground state by spontaneously emitting

a photon into free space. The emission takes place due to an irreversible decay of the excited

population due to its coupling with the electromagnetic mode continuum in free space.

One can model the atom-vacuum system in the interaction picture using the Wigner-

Weisskopf approach. Suppose we have a two-level atom with ground |g⟩ and excited |e⟩

states, transition frequency ωge and a continuum of field modes labeled by wavevector k⃗ and

polarization λ, each with frequency ωk.
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The interaction Hamiltonian in the rotating-wave approximation (RWA) takes the form

Ĥint = ℏ
∑
k,λ

(
gk,λ σ̂+âk,λ + g∗k,λ σ̂−â

†
k,λ

)
, (2.11)

where gk,λ is the atom–field coupling strength and σ̂± are the atomic raising and lowering

operators. The total state can be written as |Ψ(t)⟩ = ce(t) |e⟩ |0⟩ +
∑

k,λ ck,λ(t) |g⟩ |1k,λ⟩,

where |0⟩ is the vacuum state of the electromagnetic field, and |1k,λ⟩ denotes a single photon

in mode (k, λ). Under the Born–Markov and rotating-wave approximations [30], one obtains

an exponential decay for ce(t):

ċe(t) ≈ −Γ

2
ce(t), so that ce(t) ≈ ce(0) e

−Γ
2 t (2.12)

where Γ is the spontaneous emission rate. Thus, in free space, the atom’s excitation decays

irreversibly and the energy is radiated into many possible modes of the electromagnetic field.

2.2.3 Purcell-enhancement of spontaneous emission into cavity

In Section 2.2.1, we assumed that the cavities are lossless, which is not true experimentally

and the cavity decay rate has to be considered. In the good cavity limit, when g ≫ κ, the

coherent exchanges as discussed for vacuum Rabi oscillations are primarily limited by the

atomic lifetime.

In the bad-cavity limit, when g ≪ κ, the rate of coupling of the atoms to the cavity mode
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can be calculated to be 4g2/κ.2 The total decay rate of the atom is set by

Γtotal = Γ + Rate of coupling to the cavity mode

= Γ +
4g2

κ

= Γ

(
1 +

4g2

κΓ

)
= Γ(1 + C)

(2.13)

where C = 4g2/κΓ is defined as the cooperativity. Physically, in free-space, the atomic-dipole

emits isotropically into 4π, however the cavity preferentially makes it interact more with the

cavity mode and hence emit into or coherently interact with the cavity mode. Equation 2.13

also shows that the collection efficiency of the cavity mode is
4g2

κ

Γ(1+4g2

κΓ )
= C

1+C .

2.2.4 Quest for higher cooperativity

While we introduced cooperativity through the lens of spontaneous emission enhancement,

its significance extends beyond spontaneous decay. The same principles apply to more gen-

eral light–matter interactions where the emitter couples to the quantized field. Although

spontaneous emission is characterized by the decay rate Γ, what fundamentally matters in

these interactions is the strength and directionality of the coupling between the emitter

and the available electromagnetic modes. The cavity modifies this coupling by selectively

enhancing certain field modes, thus altering not just decay rates but also scattering rates.

The cooperativity quantifies the competition between coherent coupling and dissipative

loss arising from cavity decay and emitter decoherence. Achieving the strong-coupling regime

(C ≫ 1) ensures that coherent dynamics such as vacuum Rabi oscillations persist over

many cycles before being damped by irreversible processes. High cooperativity is a key

2. This rate can be derived from a master equation treatment of the atom-cavity system. Phenomeno-
logically, the same result can be obtained by applying Fermi’s Golden Rule with a cavity-modified density
of states, ρcav(ω) =

κ
2πVm

1
(κ/2)2+(ωc−ω)2 . In the bad-cavity regime, the cavity field relaxes much faster than

the atomic system evolves, justifying this Wigner-Weisskopf-like Markovian treatment.
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figure of merit for a wide range of tasks in quantum information processing, including fast

state readout, efficient transduction, and high-fidelity gate operations. For atomic readout,

high cooperativity enables faster photon extraction into the cavity mode, improving signal

collection efficiency [31]. In the context of transduction, as will be discussed in the following

chapters, cooperativity determines how effectively the mediator couples to both input and

output cavity modes. Large cooperativity ensures that desired coupling rates dominate over

loss channels, allowing for near-unity photon conversion efficiency in principle. Furthermore,

the cooperativity sets a lower bound on the error rate of cavity-mediated quantum gates, with

the infidelity scaling as ϵ = 2π/
√
2C [32]. There are many routes to enhancing cooperativity:

2.2.4.1 Interaction with atomic ensembles

When an ensemble of N identical atoms interacts collectively with a single cavity mode,

the effective atom-cavity coupling is enhanced to gN =
√
Ng, where g is the single-atom

coupling strength (Appendix A.2). This enhancement arises from the coherent interaction of

the cavity field with a symmetric collective excitation of the ensemble3, in which all atoms

participate equally. As a result, the collective cooperativity scales as CN = NC, where C is

the single-atom cooperativity.

Unlike a single atom, which can be saturated by a single photon, a large ensemble does

not saturate with a single excitation. The cavity field can excite one atom out of the ensemble

with negligible effect on the remaining atoms, allowing multiple interactions. In the large N

limit, the energy level structure of the combined atom-cavity system begins to resemble that

of a harmonic oscillator (Appendix A.2), where excitations are evenly spaced and multiple

3. A note on collective states: Calculations for the ensemble can be greatly simplified by working with
collective states for the atom such as the |gggg...⟩ state where all atoms are in the ground state. In the
single excitation limit, interaction with the cavity accesses the state that is the symmetric superposition of
|gggg..ei..g⟩ terms. Using the Holstein-Primakoff transformation, the accessible space can be mapped onto an
N -spin-1/2 system, with the raising and lowering operators defined as bosonic operators (see Appendix A.2).
In this mapping, the collective spin-N/2 system behaves like a truncated harmonic oscillator, where each rung
of the ladder corresponds to a symmetric Dicke state with a well-defined number of collective excitations.
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photons can enter the cavity without fundamentally changing the system’s dynamics. In this

limit, the nonlinearity inherent in the Jaynes–Cummings model, where the energy spacing

between successive excitation levels depends on the excitation number, effectively disappears,

and the system responds linearly for low excitation numbers.

For applications such as transduction, where strong nonlinearity is not required, the

boost in cooperativity provided by an ensemble is particularly valuable for increasing the

absorption (emission) of input (output) photons by the atoms. As we shall see in Chapter 3,

even with a moderate finesse optical cavity, it is possible to achieve collective cooperativity

exceeding unity and see a resolvable (collective) vacuum Rabi splitting.

2.2.4.2 Rydberg states

Internal states of atoms corresponding to a high principal quantum number, termed Ryd-

berg states, are widely used to induce strong, tunable interactions between atoms due to

their large electric dipole moment. Rydberg state transitions also provide access to lower

frequency microwave transitions and have long lifetimes. While ground-state hyperfine tran-

sitions in the microwave regime benefit from extremely long coherence times, their weak

magnetic dipole coupling leads to relatively small g. In contrast, Rydberg transitions can

provide stronger atom-cavity coupling through electric dipole coupling, making them useful

for improving cooperativity at microwave frequencies.

2.2.4.3 Resonator design

The single-atom cooperativity for a closed optical transition at resonance with a cavity can

be expressed solely in terms of the cavity parameters, involving cavity finesse F , cavity waist

w and resonance wavelength λ [33]

C =
12

π2
F
2π

λ2

w2
(2.14)
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The strong-coupling regime can be accessed by minimizing w2/λ2 [34, 35], maximizing

F as enabled by highly reflective mirrors [23, 36–38], by minimizing the waist [20, 32, 39] or

a mixture of factors [40].
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Chapter 3

Millimeter-wave to optical transduction:

Background

This chapter is based on reference [25].

3.1 Introduction

Quantum states encoded in superconducting qubits and certain semiconductor spin qubits

are read-out in the microwave frequency regime [41]. However, the microwave frequency

regime is not ideal for transfer of the fragile quantum states because of transmission losses

at room temperature (hence limited range) and thermal background, requiring cryogenic

links [42, 43] which are impractical for large scale networking and communication. Coherently

converting single photons between microwave and optical frequencies is thus crucial for long

distance communication between superconducting qubit-based platforms.

A fast, efficient optical interface between microwave photons and atoms is also promising

for hybrid systems that can combine the strengths of different platforms available to us.

Rydberg states and hyperfine ground states of atoms have much longer lifetimes compared to

superconducting qubits, making atoms promising candidates for memory qubits, in addition
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to rapid developments in processing [44].

There is a large body of previous work [45–50] aimed at microwave-to-optical transduc-

tion, with efforts directed towards using electro-optic, nano-mechanical, and piezoelectric

coupling. We take a different approach, using neutral 85Rb atoms as mediators for con-

version between millimeter-wave (100GHz) photons and optical (384THz) photons. Our

platform leverages the optical and microwave transitions of the atoms, combined with dual-

cavity enhancement, to facilitate frequency conversion.

This chapter provides background for the millimeter-wave to optical interconversion ex-

periment. Section 3.2 presents an overview of the transduction scheme. Section 3.3 describes

the cryogenic apparatus and experimental sequence utilized for transduction. Section 3.4 dis-

cusses the theoretical model of the transducer and provide an expression for the conversion

efficiency in terms of different coupling and loss rates in the system. Section 3.5 presents our

methods of characterizing those rates. It also discusses our methods of measuring and tuning

the millimeter-wave atomic transition frequency, and calibrating intracavity millimeter-wave

photon number. Section 3.6 discusses the incorporation of the 297 nm UV laser to the ap-

paratus. The rest of the chapter discusses the steps undertaken to increase experimental

data rates (Section 3.7) that enabled fast optimizations and temporal correlation function

measurements, our method of optimizing magnetic fields for optical pumping inside a su-

perconducting cavity (Section 3.8), optical single photon detection (Section 3.9) and the

method of extracting conversion efficiency from intracavity millimeter-wave photon number

and optical photon count rate (Section 3.10).

3.2 Transduction scheme

We utilize the atomic levels of 85Rb shown in figure 3.1a. The |5S⟩ → |5P ⟩ and |35P ⟩ →

|36S⟩ transitions correspond to 780 nm (384 THz) and 100 GHz respectively. Strong coherent

drives at 481 nm (blue) and 297 nm (UV) couple the lower-lying states to the higher-lying
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Figure 3.1: Transduction (a) scheme and (b) platform

Rydberg states. The atom-field interaction at 100 GHz is enhanced by a near-resonant

superconducting cavity. At 780 nm, the cooperative enhancement is achieved via a resonant

optical cavity, with a large portion of the enhancement derived from the collective interactions

of the entire atomic ensemble with the cavity. Unlike electro-optic platforms, the optical

pumps in this scheme are far separated from the frequencies of interest and don’t add noise

to the scheme. Thermal photon background at the operating temperature 5 K is the primary

source of added noise in the system.

The UV laser is sufficiently detuned from the transition such that a very small population

of atoms is in the 35P1/2 Rydberg state on average, dressing the ground state with the

Rydberg state and reducing the system to an effective three-level system. The dressed

population in the 35P1/2 state is sufficient for the absorption of a millimeter-wave photon

from the cavity, which puts the ensemble in a collective 36S1/2 Rydberg state. From there, a

stimulated emission process of a blue photon and spontaneous emission of a 780 photon into

the optical cavity brings the atomic ensemble back to collective dressed ground state1. It is

important for the ensemble to return to the same many-particle quantum state including all

the internal and motional degrees of freedom. This ensures that minimal coherence is lost

1. The two-photon resonance at the 780 nm cavity and 481 nm Rydberg transition effectively eliminates
the undesired losses from the intermediate, broad 5P3/2 state and is discussed more in section 3.5.2 and
chapter 6.
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to the atoms, enabling taking advantage of collective cavity enhancement2 and preserving

information in the photons. In addition to energy conservation, closing the transduction

loop requires momentum conservation via phase-matching (Section 3.6.2) and spatial mode-

matching of the different fields at the atom cloud.

3.3 Apparatus and experimental sequence

The transduction takes place inside the structure shown in figure 3.1b. The experiment uti-

lizes an approximately 1" x 1" x 1" superconducting niobium spacer housing two evanescent

modes near 100 GHz. The three perpendicular holes drilled into the spacer act as evanescent

waveguides forming a cavity at their intersection in the center [51]. One of the holes is used

to provide optical access for the optical cavity. The second hole is used as a port to drive

the millimeter-wave cavity. The third hole is used for transporting the atomic ensemble

to the center so that it can interact with both the optical cavity and the millimeter-wave

cavity simultaneously. A detailed description of the physical apparatus can be found in

References [51, 52].

A typical experimental sequence begins with loading 85Rb atoms from a dispenser into

a 3D holographic-grating magneto-optical trap (MOT) [51, 52]. After polarization-gradient-

cooling to ∼5 µK (measured via time-of-flight measurements [51]), the MOT atomic cloud is

loaded into a 785 nm transport lattice and transported ∼ 6.5 cm below into the cavities [52].

To ensure angular momentum conservation for interconversion, we choose our quantiza-

tion axis to be in the lattice transport direction orthogonal to the optical cavity axis (fig-

ure 3.1a) and utilize the hyperfine levels and corresponding transitions as shown in figure 3.2.

After transport, the atomic ensemble is optically pumped to the |5S1/2, F = 3,mF = 3⟩ hy-

perfine ground state using σ+ polarized light on the transition to the |5P3/2, F = 3,mF = 3⟩

2. Coupling to states that are not the symmetric Dicke-states leads to a decrease in coupling Gopt, hence
cooperativity.
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|5S1/2 F = 3, mF = 3⟩

σ−

σ+
π

|5P3/2 F = 4, mF = 3⟩

|36S1/2 J = 1/2, mJ = 1/2⟩

|35P1/2 J = 1/2, mJ = − 1/2⟩

π

σ−

σ+

Figure 3.2: Hyperfine levels and polarizations for interconversion

state. A magnetic field of about 3.2 G, optimized for optical pumping, was previously ‘frozen’

in the superconducting cavity along the lattice direction.The transport lattice is reduced to

a depth of about 20% to prevent broadening of the dark polariton due to differential light

shifts for atoms depending on their spatial position in the trap.

After the state preparation of atoms, we operate the transducer by driving the ensemble

with classical coherent pumps at 297 nm (UV) and 481 nm (blue). The total ‘on time’ of

the UV beam is limited to below 300 µs per shot to avoid damage to cavity mirrors from UV

exposure (section 3.6.1). The transducer is driven with a coherent millimeter-wave source

attenuated to the single photon level, and the optical photons are detected at the output.

For coherent millimeter-wave drive conversion, each shot involves five 10 µs long transduc-

tion steps separated by 50 µs of optical pumping. The optical pumping is required because

the conversion cycle depolarizes the atoms because the transition corresponding to the op-

tical cavity is not a cycling transition in the current experiment design. The depolarization

depends on the external millimeter-wave drive strength (next chapter), so we do not always

require the intermediate optical pumping as in the case of measuring conversion of thermal

millimeter-wave photons in the cavity at 5K in the absence of an external drive.
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3.4 Theoretical model

The full Hamiltonian can be written including all the atoms in the ensemble and the four

states of interest, the two coherent drives and the millimeter-wave and optical cavity modes,

after the time-dependence is removed through a unitary transformation and ensuring energy

conservation3:

H = δaâ
†â+ δbb̂

†b̂+ δeE
†E + δrR

†R +∆F †F

+
(
gopt

√
NâE† + ΩbER

† + gmmb̂
†F †R +

√
NΩUV F

† + h.c
)

(3.1)

where E, R and F are the bosonized collective excitation operators (Appendix A.2) to the

5P3/2, 36S1/2 and the 35P1/2 states respectively, from a reservoir of N atoms prepared in

the 5S1/2 ground state, gopt and gmm are the single atom coupling strengths for the optical

(a) and millimeter-wave (b) cavity modes, and Ωb and ΩUV are the Rabi frequencies for the

481 nm and UV fields.

We can write the Heisenberg-Langevin equations for the Hamiltonian in equation 3.1:

ȧ = (iδa −
κopt
2

)a− i
√
NgoptE +

√
κexto ain(t)

Ė = (iδe −
Γ

2
)E − i

√
Ngopta− iΩbR

Ṙ = (iδr −
ΓR
2
)R− iΩ∗

bE + igmmbF

ḃ = (iδb −
κmm

2
)b− igmmRF

† +
√
κextmmbin(t)

Ḟ = (i∆− ΓF
2
)F − igmmRb

† − i
√
NΩUV

(3.2)

where the external linewidths and total linewidths of the cavities, the total decay and de-

phasing rates of the collective states, and the inputs to the cavities have been included.

3. See supplemental information to reference [25] for a derivation of the conversion efficiency starting from
the full time-dependent Hamiltonian.
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We operate the interconverter with a detuning between the millimeter-wave atomic tran-

sition and the millimeter-wave cavity. The constraint of energy conservation (equivalently,

time independence of the Hamiltonian), necessitates that the UV drive be detuned from the

5S to 35P transition as well. In the limit4 that ΩUV ≪ |∆| and greater than millimeter-wave

coupling gmm, the small nonlinear term gmmRb
† in the equation for Ḟ can be neglected and

operator F can be adiabatically eliminated by setting ⟨Ḟ ⟩ = 0, yielding ⟨F ⟩ =
√
NΩUV

∆−iΓF /2
. In

the limit |∆| ≫ ΓF /2, the decay can also be neglected. Replacing the operator F by its av-

erage value linearizes the Heisenberg-Langevin equations, simplifying the term −igmmRF
†

in the equation for ḃ to −iGmmR, where Gmm =
√
NΩUV
∆ gmm.

Similar to the single cavity calculation, we transform equations 3.2 to the Fourier space,

and reduce the problem to a set of simultaneous equations G(ω)v(ω) + u(ω) = 0, where at

atomic and cavity resonances (δi = 0)

v(ω) =

(
a(ω) E(ω) R(ω) b(ω)

)T

u(ω) =

(√
κext
optain(ω) 0 0

√
κext
mmbin(ω)

)T

G(ω) =



iω − κopt
2 −iGopt 0 0

−iGopt iω − Γ
2 −iΩb 0

0 −iΩb iω − ΓR
2 −iGmm

0 0 −iGmm iω − κmm
2



(3.3)

3.4.1 Transducer transfer function and conversion efficiency

For an input bin(ω), the output aout(ω) can be calculated from the input-output relation

aout(ω) =
√
κex
opta(ω). We set ain(ω) = 0 because there is no significant thermal input at

the optical side. We define a transfer function S(ω) from the input of the millimeter-wave

4. See supplemental information to reference [25] for details.
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cavity and the output of the optical cavity such that

aout(ω) = S(ω)bin(ω)

⟨a†out(ω)aout(ω)⟩ = |S(ω)|2⟨b†in(ω)bin(ω)⟩
(3.4)

|S(ω)|2 provides a conversion efficiency. Writing S(ω) explicitly

S(ω) =

√
κextoptκ

ext
mm

κopt(ω)κmm(ω)

2
√
Co(ω)Cmm(ω)Cb(ω)e

iϕ

(Cb(ω) + (1 + Co(ω))(1 + Cmm(ω)))
(3.5)

where γj(ω) ≡ γj − 2iω for γj ∈ {κopt, κmm,Γ,ΓR}, ϕ is the phase difference between

the 481 nm and the UV beams in the rotating frame, and Co(ω) =
4|Gopt|2

κopt(ω)Γ(ω)
, Cb(ω) =

4|Ωb|2
Γ(ω)ΓR(ω)

, and Cmm(ω) =
4|Gmm|2

κmm(ω)ΓR(ω)
are generalized frequency-dependent cooperativi-

ties.

At resonance,

|S(0)|2 =
κextoptκ

ext
mm

κoptκmm

4CoCbCmm

(Cb + (1 + Cmm)(1 + Co))2
(3.6)

where the generalized cooperativities are evaluated at ω = 0. We identify the overall conver-

sion efficiency ϵ with |S(ω)|2 and an internal conversion efficiency [53] denoted by ηo↔mm

such that

ϵ =
κextoptκ

ext
mm

κoptκmm
ηo↔mm (3.7)

3.4.2 Impedance matching

For a fixed Cb, the internal conversion efficiency η is maximized when

Cmm = Co =
√
1 + Cb (3.8)

Physical intuition: For all the millimeter-wave cavity photons to be absorbed by the atoms,

we require that the rate of coupling of photons to the atoms either goes to the useful atomic
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state or is lost (we have no control over that rate). The rate at which the atoms couple to

the cavity should be equal to the rates at which the photon is lost from the atom or coupled

to the lower excited state.
4G2

mm

κmm
= ΓR +

4Ω2
b

4G2
opt

κopt
+ Γ

The term on the LHS is the rate at which the cavity photons excite the atoms, the first term

on RHS is the rate at which the atom excitation is lost to the environment, and the second

term is the rate at which the excitation is transferred to the lower state. The denominator
4G2

opt
κopt

+ Γ in the second term sums up all loss channels from the lower atomic level (via

coupling to the optical cavity and spontaneous emission). The condition can be rewritten

as:

(
4G2

mm

κmmΓR
− 1

)(
4G2

opt

κoptΓ
+ 1

)
=

4Ω2
b

ΓRΓ
(3.9)

(Cmm − 1)(Co + 1) = Cb (3.10)

Due to the symmetry between a → b and b → a conversions, the Cmm and Co can be

exchanged, providing the impedance-matching condition:

Cmm = Co =
√
1 + Cb (3.11)

yielding an optimum internal conversion efficiency, that in the limit of high Cb is

η −−−−→
Cb≫1

1− 2√
Cb

(3.12)
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3.5 Machine characterizations

3.5.1 Collective vacuum Rabi splitting

As discussed in the previous chapter, coupling a single atom to a cavity mode leads to a

splitting in the cavity spectrum. In the presence of multiple identical atoms, the splitting

is increased by a factor of
√
N5. A typical optical cavity transmission spectrum from our

experiment is shown in figure 3.3 with Gopt = 2π×8 MHz when the cavity couples to the 5S-

5P transition near 780 nm. For interconversion, the optimum operation was at Gopt = 2π×5

MHz, with an effective atom number in the ground state of about 600.

Figure 3.3: Vacuum Rabi splitting. (a) Optical cavity at resonance with the atomic
transition. (b) Vacuum Rabi splitting (= 2

√
Natoms g) of the cavity transmission peak

due to coupling with the atomic ensemble. This spectrum corresponds to the transition
|5S1/2, F = 3,mF = 3⟩ → |5P3/2, F = 4,mF = 4⟩.

Extracting the number of atoms from the splitting requires knowledge of the single-atom

5. The vacuum Rabi splitting of 2Gopt = 2
√
Ngopt can be formally derived from the coupling of the cavity

vacuum with the lowest excitation manifold of an ensemble of N atoms, with single-atom cavity coupling
gopt (Appendix A.2). Another interesting route is to model the cloud of atoms as a medium with frequency
dependent refractive index, leading to a change in the cavity resonance conditions and consequent splitting
in the spectrum [54].
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cavity coupling gopt. For our experiment, gopt = 2π × 206 kHz is calculated6 from equa-

tion 2.9. It should be noted that the vacuum Rabi splitting is observed due to interactions of

the atomic ensemble with the standing-wave of the cavity, not just one running-wave compo-

nent which primarily contributes to interconversion due to momentum-conservation. Hence,

the measured splitting carries an extra factor of
√
2 such that Gopt =

Gopt,measured from VRS√
2

.

3.5.2 Blue Rabi frequency and ΓR: Cavity Rydberg EIT

To calibrate the blue Rabi frequency, we implement a cavity Rydberg Electromagnetically

Induced Transparency (EIT) scheme [56–60]. In this scheme, in addition to the optical cavity

coupling to the 5S-5P transition, a coherent 481 nm drive couples the 5P state to the 36S

Rydberg state. At two-photon resonance, quantum interference of probability amplitudes

eliminates the participation of the broad 5P state (Γ = 6 MHz) in one of the three system

eigenstates, preventing absorption via this lossy intermediate state.

This state – the ‘dark polariton’ – is a superposition of the cavity photon (entangled

with the atomic ground state) and the collective Rydberg state. Its linewidth γD follows

γD ≈ κ cos2 θ + ΓR sin2 θ, where tan θ = Gopt/Ωb defines the dark polariton angle. When

Gopt > Ωb, the state is more Rydberg-like, and vice versa. For the interconverter, we operate

in the Rydberg-dominated regime with Gopt ∼ 2π × 5 MHz and Ωb ∼ 2π × 1.45(5) MHz

(Figure 3.4), resulting in a narrow dark polariton linewidth. We also extract ΓR from the

dark polariton feature, which is primarily limited by Doppler broadening. This is after the

suppression of Doppler broadening to linear scaling with ensemble temperature by the cavity

EIT scheme [56]. For comparison, the bare 36S Rydberg state linewidth is expected to be

2π×3.6 kHz according to the python package arc. Note that for the experiment parameters

presented in the next chapter, we use the fit to the EIT spectrum to extract the value of

Gopt as well.

6. In an atom projection-noise limited measurement of the cavity spectrum, the quantities can also be
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Figure 3.4: Cavity Rydberg EIT. (a) A strong coherent drive at 481 nm is introduced to
couple to the 36S Rydberg level. At two-photon resonance (cavity resonance frequency and
481 nm drive), the spectrum exhibits three features corresponding to the three eigenstates
of the system with a central narrow feature (the ‘dark’ polariton). The dark polariton is
narrow because it has no contribution from the broad intermediate 5P state. Fitting the
spectrum to a closed form solution allows us to extract the 481 nm Rabi frequency (Ω1) and
the inferred linewidth of the collective Rydberg state (ΓR). The latter includes contributions
from both the bare linewidth of the 36S state, and dephasing terms introduced from sources
such as the drive laser and the Doppler broadening due to finite cloud temperature. (c)
Typical operating point for the transducer scheme.
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Figure 3.5: Autler-Townes splitting of dark polariton due to strong classical millimeter-
wave drive. (a) The system shown in Figure 3.4 is driven by a strong millimeter-wave drive
with a frequency that is around the 35P → 36S atomic transition frequency. This leads
to a splitting in the EIT spectrum as shown in (b). As the frequency of the millimeter-
wave drive is swept across the atomic resonance, the contribution of the 36S state in the
coupled eigenstates varies, as exhibited by the avoided crossing diagram in (c). (d) The exact
millimeter-wave atomic resonance frequency can be extracted from the minimum splitting
between the two eigenstates. This data was taken with the |5P3/2, F = 4,mF = 4⟩ state.
(e), (f) Characterization for the transducer levels and fields. The data is taken at low probe
powers to not heat the atoms away. The bright polariton features are not shown in (e).
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3.5.3 Finding millimeter-wave transition frequency of atoms via

Autler-Townes splitting of the EIT peak

In the presence of a strong resonant millimeter-wave drive, the 36S Rydberg state hybridizes

with the 35P Rydberg state, producing an Autler-Townes splitting that yields two distinct

two-photon resonances in the EIT spectrum. By scanning the millimeter-wave frequency, we

observe the avoided crossing shown in Fig. 3.5, providing the atomic transition frequency

of ∼ 99.436 GHz. The superconducting science cavity mode is away from resonance with

this transition by around ∼ 2π × 12 MHz for this measurement to make its influence on

the splitting is negligible. The strong coherent millimeter-wave drive is forced through the

off-resonant cavity mode.

3.5.4 Tuning the millimeter-wave atomic transition frequency

For optimizing interconversion, control over ∆, the detuning of the atomic transition from

the millimeter-wave cavity mode is required to control Gmm. It is nontrivial to tune the

millimeter-wave cavity towards or away from resonance with the atomic millimeter-wave

transition. The millimeter-wave cavity is designed and machined for a few GHz higher than

the transition, and then coarsely tuned closed to the atomic resonance by first chemical

etching [51], and then mechanical squeezing using a hydraulic press. After cooldown, the

cavity was measured to be about 6 MHz detuned from the atomic transition in the absence

of a magnetic field. For approaching resonance, instead of tuning the cavity, we Stark-

shift the atomic transition (specifically, states 35P1/2 and 36S1/2) into resonance with the

millimeter-wave cavity.

The superconducting spacer cavity is designed to have an additional “tuning” mode at

101.3 GHz which is ∼2 GHz away from the 35P to 36S atomic transition. We drive this

mode to Stark-shift (Figure 3.6) the atomic transition into resonance with the main “science”

extracted from the mean and variance of the measurement [55].
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mode of the cavity.
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Figure 3.6: Stark tuning of the atomic Rydberg states. (a) The calculated ac Stark shifts of
the 36S1/2 and 35P1/2 states as the power in the 101.318 GHz tuning mode of the cavity is
increased. (b) As we vary the classical drive on tuning mode, we measure the shifts of the
36S1/2 and 35P1/2 states using cavity Rydberg EIT and direct UV spectroscopy from the
5S1/2 state (figures 3.8 and 3.13), respectively. This calibration then allows us to infer the
35P1/2 shift directly from the 36S1/2 shift measured via cavity Rydberg EIT.

3.5.4.1 Purcell-like broadening of the EIT peak

The measurement of the atomic transition frequency from the Autler-Townes splitting gives

us precise information about the detuning from the millimeter-wave cavity. When we tune

the atoms closer to the cavity frequency using the tuning mode, we observe that the dark-

polariton peak gets broadened (Figure 3.7), signalling added loss to the 36S Rydberg state

via the millimeter-wave cavity/transition strengthened by the cavity vacuum and thermal

photon population.

Figure 3.7a highlights the difference between the same measurement taken on two differ-

ent millimeter-wave cavities. The quadratic increase happens due to inhomogeneous broad-

ening of the EIT peak due to spatial non-uniformity of the auxiliary mode across the atom

cloud. Atoms at different positions in the auxiliary mode are Stark-shifted different amounts.
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Figure 3.7: Broadening of the dark polariton feature as the millimeter-wave atomic transition
is Stark-shifted into resonance with the millimeter-wave cavity (a) Linewidth of the collective
36S state as a function of the Stark-shift of the atomic transition using the tuning mode.
Comparison with an older cavity designed to be far off-resonant from the atomic transition
with the near-resonant cavity. The quadratic increase is due to the inhomogeneous spread of
the Stark-shifts across the atomic cloud. (b) Dark polariton features at different atom-cavity
detunings for the transducer’s levels and optimized fields, different from (a).

3.5.5 Calibrating millimeter-wave photon number via Stark-shift of

the EIT resonance

To measure the conversion efficiency, we require a measure of the number of millimeter-wave

photons at the cavity input. However, we do not have the means to measure the attenuation

of the millimeter-wave drive as it traverses through the room-temperature-cryo barrier to

the cavity. We instead calibrate our drive by measuring the dispersive Stark-shift of the EIT

peak (36S state) and extracting the mean intracavity photon number.

The external millimeter-wave drive power is stabilized via feedback to a voltage controlled

attenuator. Fig.3.8a shows the shift of the EIT feature, which increases with increasing

millimeter-wave drive power at the science cavity mode frequency. The measurement is

taken when the millimeter-wave atomic transition is ∆ = 2π × 1.4 MHz detuned from the

cavity using the tuning mode. The reference EIT is taken by turning off the millimeter-
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wave source (orange curve), which already accounts for the effect of the cavity vacuum and

thermal photons.
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Figure 3.8: Calibration of intracavity millimeter-wave photon number via shift of the EIT
peak. (a) Presence of millimeter-wave cavity photons shifts the 36S state energy, changing the
two-photon resonance condition for the 780 nm cavity and the blue drive frequency. At fixed
blue frequency, this change manifests as a shift of the EIT peak as a function of the probe
frequency and the drive strength. The reference spectrum, with no external millimeter-wave
input is shown in orange. The peak shifts increase with increasing millimeter-wave drive
strength. (b) Extracted mean number of intracavity millimeter-wave photons from the EIT
shifts (details in text). The interconversion results shown in the next chapter were typically
performed at n̄mm ∼ 2.

The functional form of the shift is evaluated from the near-zero eigenenergy E0(n
′
mm) of

the Hamiltonian corresponding to dark polariton energy

H(n′mm) =



0 Gopt 0 0

Gopt 0 Ωb 0

0 Ωb 0
√
n′mm + 1gmm

0 0
√
n′mm + 1gmm ∆


(3.13)

The measured shift corresponds to E0(nmm + nth) − E0(nth), where nth is set to 0.6 cor-

responding to the thermal population. This helps us infer the intracavity millimeter-wave

photon number as shown in figure 3.8b.

To verify that we were not seeing background at the ‘science’ mode due to a high power
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drive at an auxiliary ‘tuning’ mode of the millimeter-wave cavity at 101 GHz 3.5.4, we

deployed room temperature aluminum filter cavities [52] to suppress any tails or sidebands

at the science frequency for comparison. We did not observe any effect of the 101 GHz tuning

drive. This step was also crucial for noise characterization of the transducer.

3.5.6 Cavity linewidths
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Figure 3.9: Methods for optical and millimeter-wave cavity external and total linewidth
characterization. (a), (c) Transmission and reflection for the optical cavity as the 780 nm
probe frequency is scanned. (b) The shift in the position of the EIT peak as the millimeter-
wave probe frequency is scanned. Since the shift is proportional to the millimeter-wave
drive strength (Figure 3.8), this data provides us information about the linewidth of the
millimeter-wave cavity. (d) Reflection measurement from the millimeter-wave cavity using
the circuit shown in figure 3.10.

Both internal and external cavity linewidths play a role in determining the conversion

efficiency 3.6. The optical cavity is designed to be approximately single-ended to maximize
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Figure 3.10: Millimeter-wave cavity measurement circuit. We measure the in-phase (I) and
quadrature (Q) components of the reflection from the cavity (DUT) on a network analyzer
and extract the amplitude and phase from the data. The reflection is obtained via a direc-
tional coupler at the input of the cavity (not shown in the schematic).

collection of converted photons7. After cooldown, the in-cryo total and external linewidths

for the optical cavity were measured to be 2π × 1.71(4) MHz and 2π × 1.07(3) MHz via

transmission and reflection measurements respectively (Figure 3.9). The transmission mea-

surement provides the total linewidth from the full-width half maximum of the Lorentzian

profile, and the reflection spectrum provides the internal to external linewidth ratio since

the minimum reflection point is (1− 2κext
opt/κopt)

2 (Chapter 2).

The internal millimeter-wave cavity linewidth is dependent on factors such as temperature

of and impurities within the superconducting cavity. The coupling linewidth is determined

by the length and diameter of the tubes. We measure the total linewidth by measuring

the shift of the EIT peak as the millimeter-wave drive’s frequency is swept (Figure 3.10).

The coupling linewidth is extracted from the fit to a reflection measurement (Figure 3.9).

To measure the reflection from the cavity, we use a Keysight PNA-X Network Analyzer

N5242A using the circuit shown in Figure 3.10. In principle, we simultaneously measure the

amplitude and phase of the reflected signal, obtaining enough information about the cavity

to extract both the linewidths from the fits. The EIT shift measurement is a more direct

7. The end mirrors were coated for R>99.995% and R=99.88% at 780 nm.
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measurement of the total linewidth. The total and external linewidths are 2π × 805(5) kHz

and 2π × 55(5) kHz respectively at 5K.

3.5.7 Millimeter-wave cavity coupling strength gmm

Given the classical millimeter-wave mode-field distribution Emode(r) and the atomic dipole

moment µ for the millimeter-wave transition, we calculate gmm at the position of the atoms

r0 to be 2π × 182 kHz from the expression

gmm =
1

ℏ
µ⃗ · E⃗1ph(r⃗0) =

µEmode(r0)/
√
2

ℏ

√√√√ ℏω

2ϵ0
∫
V

∣∣∣E⃗mode(r
′)
∣∣∣2 d3r′ (3.14)

where µ⃗·E⃗1ph(r⃗0) is the quantized single-photon electric field at r0 calculated by normalizing

the classical field. The
√
2 factor for the field appears because for our choice of quantiza-

tion axis, the millimeter-wave mode is lin-polarized and the atomic transition of interest

is σ− polarized. We simulate the electric field profile of the millimeter-wave cavity mode

using the ANSYS HFSS software and obtain the dipole matrix element corresponding to the

|35P1/2, J = 1/2,mJ = −1/2⟩ → |35S1/2, J = 1/2,mJ = 1/2⟩ transition using arc.

3.6 Integrating the 297 nm UV laser

As mentioned in the introduction, we need an additional 297 nm pump laser for energy and

momentum conservation in the interconversion cycle, such that all atoms come back to the

initial state and there’s minimal leakage of quantum coherence through the atoms. The

following sections describe the integration of the drive with the experiment.
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3.6.1 UV induced optical damage

We tested for the effect of continuous UV irradiation of about 200 mW on an out-of-vacuum

cavity with a finesse of 9000 and saw no degrading effects. In contrast, the effects on the

science cavity even with <100 mW in cryo-vacuum were significant. Even with the FHG

stage of the laser unlocked, the finesse was observed to degrade by a factor of 3 because of a

few 100 microseconds of UV exposure, and recover slowly over the course of a few minutes

after the UV input was blocked. With the FHG stage locked, the cavity resonance moves

by >10× the cavity linewidth, accompanied with a degradation in finesse, destabilizing the

1560 nm lock as well.

Interestingly, turning on the blue laser helps recover the cavity finesse almost instanta-

neously for temporary damages induced by lower UV powers. For all our experiments with

UV, we kept the blue laser on for most stages that do not interfere with other parts of the

experiment. Figure 3.11 shows the effect of the UV beam on the cavity transmission with

blue recovery on. At higher powers and longer hold times, the effect of UV is still visible.
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Figure 3.11: Damaging effect of the 297 nm laser on bare optical cavity transmission with
blue recovery on (in the absence of atoms). (a) The resonance frequency of the optical cavity
shifts as the UV power is increased (the x-axis represents the voltage to the AOM controlling
the UV power incident on the chamber and is monotonically increasing in power) (b) Effect
on cavity transmission as the on-time of the UV is increased. To limit the damage, we run
short cycles of UV.

38



3.6.2 Phase matching

For closing the interconversion cycle, in addition to energy conservation (ensured by wave-

length of the beams) and angular momentum conservation (ensured by polarization of the

beams), linear momentum conservation is equally critical: ∆k = k⃗UV + k⃗mm− k⃗blue− k⃗opt =

0. In the absence of phase-matching, i.e., when 2π/∆k < Lc, where Lc is the length of

the atomic cloud, converted light from different parts of the cloud carries different phases,

leading to lower overall conversion efficiency due to destructive interference than obtained if

the conversion was coherent throughout the cloud.

Since k⃗mm is negligible because of large wavelength of millimeter-wave with respect to

the size of the atomic cloud, we can reduce the phase matching requirement to

k⃗UV = k⃗blue + k⃗opt (3.15)

In our experiment, due to accidental mirror damage due to long high power UV exposure

(on the back surface, so the optical finesse was not affected) we could not send in the blue

and UV collinear to cavity axis, and had to offset the blue beam by ∼6 degrees. This

required a different angle of incidence for the UV such that kblue sin θblue = kUV sin θUV .

The phase coherence rapidly deteriorates in the radial direction away from this condition

due to sinusoidal dependence on the angles of incidence.

3.6.3 Probing coupling of 297 nm drive with atoms via cavity

When impinged by UV light resonant with the 5S → 35P1/2 or 35P3/2 transition, atoms

are removed from the 5S state. We can measure this decrease in population via coupling of

the optical cavity to the atoms as shown in figures 3.12a and b. This measurement requires

a two-dimensional scan. If we detune the cavity from the 5S-5P transition, we can instead

measure the dispersive shift (figure 3.12c) which approximately goes linearly with N, the
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number of atoms. We park the probe on the linear side of slope of the dispersive peak to

observe the effect of the UV beam more directly. This method allows us to do single-shot

UV spectroscopy through the cavity (figure 3.12d and section 3.6.4), estimate Rydberg state

lifetime (section 3.6.5) and observe Rabi flopping (section 3.6.6).

3.6.4 Single-shot UV transition spectroscopy via cavity transmis-

sion

We perform external vapor cell spectroscopy with the 297 nm laser (Appendix A.5) to find

the correct wavelength for the 5S → 35P transitions. For the main experiment however,

the exact frequency depends on magnetic fields and requires more precise spectroscopy on

the intracavity atoms. We do this measurement using the dispersive shift measurement

described in the previous section. We scan the frequency of the input UV beam and at

resonance, expect to see the transmission change as atoms are removed from the ground

state. Figures 3.12d and 3.13a show the spectroscopy for the 35P3/2 states and the 35P1/2

states respectively.

Scanning the UV frequency: we lock a frequency sideband of the carrier of the 1188 nm

laser seed of the 297 nm laser to a stable reference cavity which is coresonant with the 780 nm

probe laser and the 481 nm EIT laser. To sweep the frequency of the UV beam at the cavity

(which is 4 times the frequency of the seed), we sweep the sideband frequency such that the

sideband remains referenced to the stable cavity while the carrier frequency changes. The

frequencies on the x-axis in the spectroscopy plots refer to this EOM sideband frequency.

In the presence of an external millimeter-wave drive, we can also look at the Stark-shift

and Autler-Townes splitting of the Rydberg states via UV spectroscopy (figure 3.13). These

measurements help us calibrate the detuning of the atomic transition from the millimeter-

wave cavity (section 3.5.4).
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Figure 3.12: Single-shot spectroscopy of the 5S → 35P transition (a) Cavity EIT spectrum
as a function of UV drive frequency. The number of atoms in the ground state falls when the
UV is resonant with the 5S → 36S transition, leading to a decrease in Gopt, as seen in (a)
and the fitted Gopt values from (a) shown in (b). The detail about the sideband frequency
on the x-axis is discussed in section 3.6.4. (c) In place of the 2D scan, we can operate in
the dispersive regime when the optical cavity is detuned from the 5S → 5P transition. The
cavity spectrum shifts with varying atom number, leading to a change in the transmission at
a fixed 780 nm probe frequency. (d) We park the probe at a particular frequency on the side
of the transmission spectrum and observe the change in transmission as the UV frequency
is scanned. The two peaks correspond to 35P3/2,mj = 3/2(mF = 4) and −1/2(mF = 2)

(based on the linear polarization of the incident UV laser which should couple to these two
states). The latter state would couple to other mF states in the ground state, which is likely
manifesting as atom loss in the right peak (as the cavity transmission is not recovered). The
x-axis translation compared to (b) is primarily due to change in locking conditions. The
splitting can also give an estimate of the internal field strength, in this case about 2.1322 G.
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Figure 3.13: Autler-Townes splitting of the 35P state. (a) Spectroscopy for the 35P1/2,mJ =

1/2 and −1/2 states (the magnetic fields were changed between data shown in figure 3.12d
and this data). (b), orange, We change the polarization to focus on one of the 35P1/2
states. blue, Stark-shifting of the state is observed when a millimeter-wave drive detuned
from the 35P → 36S transition is turned on. (c) Autler-Townes splitting of the 35P state
with a millimeter-wave drive that is resonant with the atomic transition. (d) Autler-Townes
splitting as the millimeter-wave drive frequency is scanned around the atomic resonance.
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3.6.5 An estimate of 35P state lifetime

An indirect measurement of the 35P3/2 state lifetime is shown in figure 3.14a. We turn on

the UV drive after optically pumping the atomic sample and before the probe stage, which

leads to an initial decay in population (hence increase in cavity transmission approximately

proportional to the atom number). However, soon we see an increase in the ground state

atom population (when the transmission decreases) with the inferred mean decay time of 72

microseconds. The arc predicted lifetime for the 35P3/2 state at 5 K is 83 microseconds.

The transmission likely increases later due to heating of atoms from the 780 nm probe.

Note that for interconversion, we worked with the 35P1/2 state and the state lifetime was

inconsequential as we operated in the detuned limit. Figure 3.14b shows the population at

the parameters we operate at.
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Figure 3.14: Estimate of 35P state lifetime. The resonant UV drive is turned on before the
780 nm probe to excite the ground state atoms to the 35P state and is turned off when the
probing period begins. The decay in the excited state population leads to an increase in the
ground state population which decreases the cavity transmission and provides an estimate of
the 35P3/2 state lifetime. The later increase in transmission is due to heating of the atoms
from the 780 nm probe. (b) 35P Rydberg dressing of the ground state. Only a very small
fraction of the ground state population is in the 35P state at any instant for interconversion.
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3.6.6 Rabi oscillations between ground state and Rydberg state

We observe Rabi oscillations on the 5S-35P transition with the UV using the method de-

scribed in 3.6.3 to measure the coupling strength of the UV drive ΩUV as shown in fig-

ure 3.15a and b. If the probe frequency is set to correspond to the approximately linear

region of the Lorentzian, the change in transmission scales approximately linearly with the

atomic state population, giving a good estimation for day-to-day optimizations. Figure 3.15b

shows the oscillation when converted to state population.
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Figure 3.15: Resonant Rabi oscillations between 5S and 35P states, and a corresponding
Ramsey measurement. (a) Rabi oscillations between the ground 5S and 35P Rydberg state.
(b) Rabi oscillations for 35P1/2 for the transducer (with count rate converted to atomic
population) with Rabi frequency ΩUV = 2π×230 kHz. (c) Ramsey measurement yielding a
decoherence time of T = 0.543µs.
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While we get more coupling strength (higher Rabi frequency) at 35P3/2 transition due to

a stronger matrix element, we have to operate at the 35P1/2 transition to conserve angular

momenta and complete the interconversion cycle. At the maximum available UV power, we

can increase the Rabi frequency by making the waist smaller. However, in that case, we

were limited by the inhomogeneous spread in Rabi frequency due to the comparable size of

the atomic cloud (see numerics in Appendix A.3). We performed a Ramsey measurement

and obtained the decoherence time T = 0.543 microseconds from a Gaussian fit of the form

e−(t/T )2 (figure 3.15c). We expect Doppler broadening and UV frequency fluctuations to

be limiting this time. It should be pointed out that the decoherence time did not limit us

ultimately for interconversion as we were operating far from resonance.

3.6.6.1 Intracavity 785 nm lattice

To resolve the issue of inhomogeneous UV Rabi frequencies across the cloud, we tested

if introducing an intracavity lattice can compress the cloud along one of the transverse

directions. While we observed some improvement in the oscillation contrast, we were severely

limited by fast noise on the laser that limited lifetime of atoms in the intracavity lattice.

The observations are presented in Appendix A.4.

3.7 Increasing data rates

Initially, we were limited by photon shot noise at lower probe powers and not atom number

fluctuations. We improved our data rate and hence statistics by doing multiple probes per

shot, instead of probing with higher power (figure 3.16). The eventual limit to increasing

data rates was heating from the probe.
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Figure 3.16: By optimizing initial optical pumping, we could probe for up to 50 ms at
low probe powers without significantly heating or depumping atoms as evidenced by the
measurements of g in (a) and the collective 36S Rydberg state linewidth from EIT in (b).
Each individual probe cycle is 1 ms long for this data. Unless for quick optimizations, for a
typical experimental sequence, we operate in the low probe power regime.

3.8 Optimizing optical pumping

To optimize fields inside the superconducting cavity for optical pumping, we heat the spacer

to above Niobium’s Tc to about 10K using an internal heating resistor that is thermally

shorted to the cavity. This is because below Tc the external changes in B fields are not

reflected inside the cavity because it is superconducting. We then optimize magnetic fields

while maximizing atom-optical cavity coupling Gopt (Section 3.5.1) and minimizing collective

Rydberg state linewidth ΓR (Section 3.5.2). This step needs to be done with longer wait

times to allow for ringing down of fields elsewhere in the chamber to simulate below Tc

conditions when the fields are always stable (with respect to the intracavity atoms). We

then turn off the current through heating resistor and cool the cavity back down to 5K while

the fields are constantly on to ‘freeze’ these fields inside the superconducting cavity [52].
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3.9 Single photon detection

We observe the output of the optical cavity through the mirror with 99.88% transmission.

The output is split into two paths using a non-polarizing beam splitter, to be collected by

two fiber-coupled single-photon counting modules (SPCM, Excelitas SPCM-AQRH-14-FC).

The SPCMs generate a transistor-transistor logic (TTL) pulse at the incidence of a photon,

which is time tagged using custom firmware on a field-programmable gate array (FPGA).

The time resolution of tagging is about 10 ns, and later analyzed to calculate the total count

rate and the temporal correlation function (discussed in next chapter).

To minimize background counts, we use dichroic mirrors to separate out the 297 nm, 481

nm and 1560 nm light. We also use two narrow 780 nm filters at the fiber coupling port to

block any scattering from the 785 nm lattice light. It was critical for us to use a single-mode

fiber to couple to the SPCM to not couple to background signal correlated with blue light

(We speculate that the blue light generated fluorescence along the path at 780 nm which led

to a strong background at 780 nm with a multimode fiber). We wrapped the fiber in black

tape and coiled it into small circles to generate bending losses for other wavelengths. With

these precautions, we measured a dark count rate of ∼165 Hz (specifications: 34 Hz).

At higher count rates, it becomes critical to consider the nonlinearity of the SPCM. We

used the calibration from the manufacturer for corrections. We also calibrate the photon

detection efficiency (PDE) of the SPCM at 780 nm. For this, we first calibrate an absorptive

filter using a CW diode at 780 nm and a calibrated Thorlabs power detector. We then use

the power detector to measure power before the SPCM, and measure the filter attenuated

signal at the SPCM, after accounting for nonlinearity correction factor. We measure an

average PDE of 57.2%.
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3.10 Extracting conversion efficiency from optical count

rate measurement

We can currently only measure the intracavity millimeter-wave photon number through

the shift of the dark polariton feature (section 3.5.5) and the rate of optical photons that

are incident on a single photon counter after conversion and leakage through the optical

cavity. The following calculations allow us to extract an internal conversion efficiency from

the measured optical output, and later calculate the temporal correlation g(2)(τ) function

measurement predictions from theory.

We define unnormalized first-order correlation function for the output of the transducer:

g(1)(τ) = ⟨a†out(τ)aout(0)⟩

=
1

2π

+∞∫∫
−∞

S(ω)∗S(ω′)⟨b†in(ω)bin(ω
′)⟩e−iωτdωdω′

(3.16)

using the definition, aout(t) = 1√
2π

∫∞
−∞ aout(ω)e

−iωtdω and the transfer function S(ω) de-

fined and derived in the previous chapter.

For our experiments the input field is a coherently displaced thermal field, which we write

as

bin(t) = βe−iωDt + bthin(t)

where |β|2 is the mean photon flux of the coherent drive and ωD is the detuning of the drive

from the millimeter-wave cavity in the rotating frame. Taking a fourier transform, we get

bin(ω) =
√
2πβδ(ω − ωD). In the frequency space, we write:

bin(ω) =
√
2πβδ(ω − ωD) + bthin(ω) (3.17)

From equations 3.16 and 3.17, the rate at the output g(1)(τ) can be separated into two
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parts corresponding to the coherent drive (g(1)coh(τ)) and the thermal drive (g(1)th (τ)). This is

because the cross-term between the drives averages to zero in the term ⟨b†in(ω)bin(ω
′)⟩ since

⟨bthin(ω)⟩ = 0 (Appendix A.6). For the coherent drive, Eq. 3.16 simplifies to:

g
(1)
coh(τ) = |β|2|S(ωD)|2e−iωDτ (3.18)

We want to relate β to our measured intracavity millimeter-wave photon number nph. From

cavity evolution equations (Chapter 2), b(ω) = 2
√
κextmm

κmm−2iωD
βδ(ω − ωD). This allows us to go

back to the expression for b(t) and relate nph to β at resonance:

nph = ⟨b†(t)b(t)⟩ = 4|β|2κextmm

κ2mm
(3.19)

For a thermal input, ⟨bthin
†
(ω)bthin(ω

′)⟩ = nthδ(ω − ω′) [61]. nth is the number of thermal

photons at frequency ω, which is assumed to be constant for the transduction bandwidth in

our experiment. To evaluate g(1)th (τ), it should be noted that the transfer function has to be

evaluated with κextmm = κmm because thermal photons couple from everywhere in the cavity

in contrast to the coherent drive which couples in only at the input port:

g
(1)
th (τ) =

nth
2π

∫ ∞

−∞
|S(ω)|2

∣∣∣
κextmm=κmm

e−iωτdω (3.20)

We can thus write

g(1)(τ) = g
(1)
coh(τ) + g

(1)
th (τ)

=
nphκ

2
mm

4κextmm
|S(ωD)|2e−iωDτ +

κmm

κextmm

nth
2π

∫ ∞

−∞
|S(ω)|2e−iωτdω

(3.21)

where the κmm
κextmm

factor in the second term allows us to use the input-port referenced transfer

function S(ω) derived in the previous chapter.

The rate of the transduced optical photons at the photon detector is R = Rcoh +Rth =
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fog
(1)(0), where fo is the optical path efficiency after the cavity (including the efficiency of

the single photon counter). In terms of the measured quantities, the overall (ϵ) and internal

(η) conversion efficiencies can be extracted as:

ϵmm→o =
⟨a†out(t)aout(t)⟩

|β|2
=

1

fo
(R−Rth)

4κextmm

κ2mmnph
(3.22)

ηmm→o =
1

fo
(R−Rth)

4κopt

κextoptκmmnph
(3.23)

where R is the rate of photons measured at the single photon counter with the coherent

drive, and Rth is the rate of photons measured when the interconverter is run without an

external drive (so only thermal photons are converted). The error bars on the efficiency are

calculated by propagating the errors in the individual quantities.

Figure 3.17: Millimeter-wave circuit used in the experiment.
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Chapter 4

Millimeter-wave to Optical

Transduction: Results

This chapter is based on reference [25].

With a good handle on the different aspects of the experiment and the theoretical model

for conversion efficiency, we are now ready for interconversion. We freeze the optimal fields

for the optical pumping scheme for interconversion (section 3.8) and do machine character-

izations (section 3.5) following the processes detailed in the previous chapter to obtain the

experimental parameters mentioned in Table 4.1.

We can change certain rates in the interconversion loop via the following ‘tuning knobs’

available in the experiment for impedance matching (section 3.4.2):

• Millimeter-wave tuning mode drive strength and frequency: controls the detuning of

the atoms with the millimeter-wave cavity ∆, hence the dressing fraction of the ground

state to the 35P1/2 via the UV drive. The dressing fraction in turn controls the

collective cooperativities Gmm and Gopt at the millimeter-wave transition and optical

780 nm transitions. With UV dressing, the effective number of atoms in the ground 5S

state isNg = N cos2 θ and Rydberg 35P state isNmm = N sin2 θ, where tan θ =
∣∣∣ΩUV

∆

∣∣∣.
51



In the small dressing fraction limit that we operate at (∼0.003, figure 3.14 in the

previous chapter), the effect on the optical cooperativity is negligible. We operate at

the maximum ΩUV achievable in the system to be able to operate at the maximum ∆,

constrained by the available UV laser power.

• Number of atoms loaded in the cavity N: also controls the collective cavity-atom co-

operativities.

• Blue power: controls the generalized cooperativity Cb via Rabi frequency Ωb. For

optimal performance in our current setup, we operate at the maximum Ωb achievable,

constrained by the available blue laser power.

4.1 Conversion efficiency and bandwidth

Figure 4.1a shows the internal conversion efficiency and bandwidth (inset) of millimeter-

wave photons to optical photons conversion as the atom-cavity detuning is scanned using

the millimeter-wave tuning mode. At each point, we measure the conversion efficiency as a

function of the millimeter-wave drive’s detuning from the cavity (figure 4.1b) and extract the

peak value and bandwidth (figure 4.1a inset) from Lorentzian fits to account for the offset in

the measurement. We see a maximum efficiency of 58(11)% and bandwidth of 360(20) kHz

when impedance matched, at ∆ ≈ 2π × 4 MHz. We typically operate at an input coherent

drive corresponding to nph ∼ 2. The end-to-end conversion efficiency is estimated to be

about 2.5% based on our measurement of external cavity linewidths. The solid curves in

the plots are theory curves obtained by using parameters derived from the characterizations

discussed in the previous chapter.

Figure 4.2 shows the dependence of the conversion efficiency on the number of atoms

in the cavity. The peak efficiency is when N ≈ Ng ∼ 600. The UV dressing fraction is ∼

0.003, corresponding to about 1.8 mean number of atoms in the 35P Rydberg state in steady
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Parameter Symbol Value
Millimeter-wave cavity
“science" mode frequency – 2π × 99.42376(1) GHz

Millimeter-wave cavity
“tuning" mode frequency – 2π × 101.318 GHz

35P1/2 ↔ 36S1/2 transition
frequency without stark tuning

– 2π × 99.436 GHz

Single atom-optical
cavity coupling gopt 2π × 206 kHz

Optical cavity linewidth κopt 2π × 1.71(4) MHz
Out-coupling rate of the
measurement optical cavity port κextopt 2π × 1.07(3) MHz

Decay rate of the
5P3/2 state Γ 2π × 6.065 MHz

481 nm beam
Rabi frequency Ωb 2π × 1.45(5) MHz

Decoherence rate of the
36S1/2 collective state ΓR 2π × 56(8) kHz

Single atom-millimeter-wave
cavity coupling gmm 2π × 182 kHz

Millimeter-wave
cavity linewidth κmm 2π × 805(5) kHz

Millimeter-wave cavity
external coupling rate κextmm 2π × 55(5) kHz

UV beam effective
Rabi frequency ΩUV 2π × 230(3) kHz

Optical path efficiency including
SPCM efficiency fo 0.28(2)

Table 4.1: Table of key experimental parameters for transduction
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Figure 4.1: Internal conversion efficiency for millimeter-wave → optical conversion. (a) The
internal conversion efficiency as the detuning ∆ between the millimeter-wave cavity and the
millimeter-wave atomic transition is scanned. The peak internal efficiency is measured to be
58(11)% with a corresponding external conversion efficiency of ∼2.5%. (b) For each point
in (a), the millimeter-wave drive frequency is scanned. ∆mm represents the detuning of
the drive from the millimeter-wave cavity resonance. The spectra are fitted to a Lorentzian
profile with an offset to extract the peak conversion efficiency. The FWHM of the fitted
Lorentzian provides the bandwidth shown in the inset to (a). All solid curves are theory
curves obtained by using parameters derived from the characterizations discussed in the
previous chapter.
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state, leading to a cooperative enhancement of the same magnitude on the millimeter-wave

transition. Because of the UV detuning from the atomic transition, the atomic population

in the Rydberg state is continuously refreshed at fast rates, making them available for the

millimeter-wave conversion.

Figure 4.2: Dependence of conversion efficiency on atom number.

4.2 Added noise characterization

At 5K operating temperature, we expect the cavity to have 0.6 mean thermal photons. We

characterize the added noise in the system by measuring the output of the optical cavity

with no input millimeter-wave photons. Figure 4.3 shows the data for when we operate

near the optimal impedance-matched point for conversion and measure the count rate of

converted optical photons as a function of UV drive frequency with 1) no input (grey) and

2) a coherent drive with mean nph = 0.55 photons (green). Without the coherent drive, we

observe a broad feature corresponding to the background thermal photons emitted by the

broad millimeter-wave cavity. The feature becomes narrower with a stronger drive (while still

including contribution from the thermal background). The asymmetry in both the features
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arises because lower ∆UV is closer to the ground-Rydberg transition, which changes the

interconverter’s impedance matching condition away from the optimum.

Figure 4.3: Thermal noise characterization. Optical count rate measured when the
transducer is operated with no external millimeter-wave drive (gray) versus with an external
drive (green) with an approximately an equal number of mean photons in the coherent drive
as the thermal occupation.

The optical output rate with no drive is consistent with the theoretical predictions for

n̄thermal = 0.6. However, to confirm that the noise isn’t added from another source, we also

perform g(2)(τ) second-order temporal intensity correlation measurements of the converted

output photons to characterize the statistics of the converted photons. For a coherently

displaced thermal state, the second order correlation function g(2)(τ) can be derived using

methods similar to section 3.10:

g(2)(τ) =
⟨a†(0)a†(τ)a(τ)a(0)⟩
⟨a†(0)a(0)⟩⟨a†(τ)a(τ)⟩

= 1 +
|g(1)th (τ) + g

(1)
coh(τ)|

2 − |g(1)coh(τ)|
2

|g(1)th (0) + g
(1)
coh(0)|

2

(4.1)

We use the time tags on the photon detections on the two photon counters, and bin

the counts to calculate the number of instances two photon clicks are detected at interval τ
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averaged over the detection period, and normalize accordingly, to calculate g(2)(τ).

Figure 4.4 shows the results for the g(2)(τ) measurement for no coherent drive (n̄ph = 0,

grey), coherent drive with mean number of photons equal to the mean thermal population

(n̄ph = 0.59, orange) and coherent drive with n̄ph = 1.25 (green). At τ = 0, g(2)(0) = 2 for

optical photons converted in the presence of no external drive, consistent with the bunched

statistics of thermal photons (Appendix A.6, can also be seen from equation 4.1). As the

strength of the coherent drive is increased, the g(2)(0) falls towards 1 because the coherent

drive dominates.
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Figure 4.4: Thermal noise characterization. We measure the statistics of the opti-
cal photons converted from millimeter-wave photons by measuring the second-order inten-
sity correlation function. The g(2)(0) is 2 for no external drive (corresponding to thermal
millimeter-wave photons converted to optical photons) and approaches 1 as the external co-
herent drive is made stronger. The solid curves are theory curves.
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4.3 Indirect probe of optical to millimeter-wave

conversion

In the current experimental setup, we have in-chamber millimeter-wave attenuators (fig-

ure 3.17) in place to limit the entry of room-temperature thermal photons into the cav-

ity through the millimeter-wave cable. This limits us from directly probing the optical to

millimeter-wave conversion as the output signal will be highly attenuated. We indirectly

probe the conversion of optical photons to millimeter-wave photons by turning the UV beam

on at the impedance-matched parameters (figure 4.5). We observe that on turning intercon-

version on, the dark polariton feature becomes lower and broader. The lost optical photons

correspond not only to the converted photons, but also to the extra photons reflected off the

cavity input (because of different impedance matching conditions for the optical cavity due

to conversion coupling). The probe-independent background in the case of conversion can

be attributed to the conversion of thermal millimeter-wave photons to optical photons. The

data matches our theoretical predictions (purple solid line) well.

4.4 Dependence on millimeter-wave drive strength

As we increase the external millimeter-wave drive strength, we observe that the conversion

efficiency decreases faster as a function of conversion time for higher drive strengths (fig-

ure 4.6). This is likely because of the depumping of the atoms from the 5P state to outside

the 4-level scheme in our model. It is for this reason we have to do intermediate optical

pumping in our transduction measurement sequence.
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Figure 4.5: Indirect probe of conversion from optical photons to millimeter-wave photons.
We indirectly probe optical → millimeter-wave transduction by observing optical transmis-
sion with (purple) and without (blue) the UV drive. The x-axis represents the detuning of
the 780 nm probe from the optical cavity resonance. The inset zooms into the dark polari-
ton feature in the spectrum, which is suppressed and broadened by the additional loss of
conversion to millimeter-wave photons. The offset is due to conversion of thermal photons
to optical photons.
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Figure 4.6: Dependence on millimeter-wave drive strength and interconversion time

4.5 Discussion

Performance metrics of the transducer

There are various metrics that can be used to characterize a transducer, with the primary

metrics being the conversion efficiency, bandwidth and added noise in the transducer [62].

For quantum networking purposes, the figure of merit is the entanglement generation rate,

which is the product of the efficiency, bandwidth and duty cycle of the transducer [63]. This

distribution over a few performance metrics can allow for a lower efficiency continuous-wave

transducer. However, the efficiency has to be high enough so as to not be limited by added

noise.
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Internal conversion efficiency

The internal conversion efficiency is currently limited by the blue cooperativity, which is

dependent on the blue Rabi frequency and the loss rate of the collective 36S Rydberg state.

There are several routes to improvement:

mm-wave mode polarization: switching the tubes such that the lowest frequency mode

(the science mode) has polarization orthogonal to the optical cavity axis, would let us have

circular polarizations for all the fields while maintaining phase matching – winning a factor of

two for the blue Rabi frequency (hence 4 on cooperativity. It also provides a 1.2 enhancement

for the optical cavity coupling gopt).

Further cooling of the atomic ensemble: Techniques such as degenerate Raman sideband

cooling can be employed to cool the cloud below 5 microkelvins to reduce the dark polariton

linewidth (the reduction is linear in temperature).

Compression of cloud: The blue beam is required to be uniform across the atomic ensem-

ble to maintain the collective state coherence. Compressing the cloud using an intracavity

lattice or dipole trap will allow to work with smaller beam waists at the same power, leading

to a stronger field and hence a higher Rabi frequency.

An increased blue cooperativity will require an increase in the optical and millimeter-

wave cooperativities as well, which can be more easily increased by increasing the total atom

number and the 35P dressing fraction via UV detuning. These factors should enable an

internal efficiency of about 96%.

Overall conversion efficiency

The overall conversion efficiency, given by ϵ =
κext

optκ
ext
mm

κoptκmm
η, where η is the internal conversion

efficiency. In our system, it is primarily limited by the external linewidth of the millimeter-

wave cavity κext
mm. It can easily be increased by a factor of about 2 by removing a copper

plate currently between the millimeter-wave waveguide and the resonator (it was placed for
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another experiment to decrease the total cavity linewidth for observing single millimeter-

wave photon nonlinearity). It can further be increased by a factor of about 50 by shortening

the length of the incoupling waveguide by 2 mm. The increase in the external coupling

will also increase the overall linewidth, leading to a decrease in the cooperativity at the

millimeter-wave transition. This can be offset by increasing the 35P state dressing fraction.

Colder temperatures

Ultimately, going to colder temperatures around 1K is desirable because 1) lower thermal

background of ∼0.01 photons instead of 0.6 at 5K. 2) Higher quality factor leading to higher

cooperativity at the millimeter-wave transition, which will help in suppressing the loss chan-

nels faster. At 1K, the internal loss rate of the cavity can be reduced to under 2π×10 kHz [51],

with the possibility of increasing the external coupling by a factor of 10, resulting in roughly

the same κmm and conversion bandwidth that we now have. 3) Transducing microwave

photons to integrate with existing superconducting qubit-based processors:

The technique can potentially be implemented for microwave ↔ optical interconversion

via either (1) direct interconversion with atoms in larger, microwave resonators and higher

Rydberg levels; or (2) four-wave mixing with kinetic inductance devices as an intermediate

stage to interconvert millimeter-waves and microwaves [64].

|5S1/2 F = 3, mF = -3⟩

σ-

σ-

|5P3/2 F = 4, mF = -4⟩

|54D5/2J = 5/2, mJ = 5/2⟩

|55P3/2 J = 3/2, mJ = −

−

3/2⟩
13.4 GHz

σ-

σ-

Figure 4.7: A possible scheme for higher Rydberg states
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Scaling up the current resonator by a factor of about 10, for example, operating at a

lower temperatures, and using n = 55 P3/2 and n = 54 D5/2 Rydberg states in Rubidium

could enable conversion close to ∼ 13 GHz frequencies. Appendix A.7 shows some EIT

spectra for higher Rydberg states upto n = 60 in our current cavity. The larger resonator

would imply a larger mode volume (∼ 103 times) leading to a factor of about 30 decrease in

single-atom-cavity coupling. This effect can be partially offset by the lower linewidth from

colder temperatures.
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Chapter 5

Strong coupling between optical cavity

modes separated by 200 THz

This chapter is based on reference [26].

Typical applications of optical cavities rely on uncoupled, monochromatic cavity eigen-

modes. In the previous two chapters, we saw how coupling cavity modes at different fre-

quencies can enable frequency conversion across a wide energy gap. In addition to frequency

transduction, coupled1 cavity modes can enable applications such as generation of squeezed

light [66, 67], narrow bandwidth generation of entangled photon-pairs [68], and generation

of single-photon nonlinearities [69–71]. The coupling can be mediated by atomic ensembles,

or more commonly, by χ(2) nonlinear materials [45, 66–72].

This chapter presents a macroscopic, doubly-resonant cavity with an intracavity nonlinear

crystal to demonstrate strong coherent coupling between cavity modes at two optical fre-

quencies (384 THz (780 nm) and 580 THz (516 nm)). The coupling, mediated by a classical,

non-resonant optical pump, provides hybridized Floquet eigenmodes at the two frequencies.

1. The coupling can be of different types. For example, the Hamiltonian of resonant OPOs has terms
such as ∼ gpumpa

†b† + g∗pumpab [65]. In this experiment, we work with an a†b+ ab† Hamilonian.

64



We utilize this mode coupling to demonstrate frequency conversion for a classical input with

30(1)% end-to-end efficiency in free space, at 90 mW of pump power. We also demonstrate

strong coupling between otherwise orthogonal spatial modes at the two frequencies.

The chapter is organized as follows: sections 5.1 and 5.2 provide a brief background

on nonlinear crystals. Sections 5.3 and 5.4 discuss the theory and the experimental plat-

form. Section 5.5 presents data demonstrating strong coherent coupling between two single-

frequency cavity modes. Sections 5.6 and 5.7 discuss the cooperative enhancement provided

by the system and present results on classical transduction and spatial mode coupling re-

spectively. Sections 5.8 - 5.9 outline routes to improve performance of the platform toward

higher cooperativities and lower pump powers, and discusses potential applications to atomic

and classical optics platforms.

5.1 Sum-frequency and difference-frequency generation

in nonlinear crystals

When a dielectric material is placed in an electric field, its constituent charges are displaced.

The material becomes polarized according to

P = ε0

(
χ(1)E + χ(2)E2 + χ(3)E3 + · · ·

)
= P (1) + P (2) + P (3) · · · ,

where χ(1) is the linear susceptibility and χ(2), χ(3), etc., are higher-order nonlinear suscepti-

bilities. The nonlinear effects become significant in the presence of one or more strong electric

fields. Sum-Frequency Generation (SFG) and Difference-Frequency Generation (DFG) are

two such nonlinear processes, where two input waves interact within a nonlinear medium to

generate a third wave. The induced polarization P (2)(ω3) = ϵ0χ
(2)E1(ω1)E2(ω2) acts as a

source term in Maxwell’s equations, leading to the generation of the new wave at ω3.
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In SFG, two incident waves at frequencies ω1 and ω2 combine to generate a higher-

frequency wave at ω3 = ω1+ω2. This process is commonly used for frequency upconversion,

such as visible light generation from infrared sources. In DFG, the nonlinear interaction

produces a lower-frequency wave at ω3 = |ω1 − ω2|, effectively converting higher-energy

photons into lower-energy ones.

In addition to sum- and difference-frequency generation, nonlinear crystals can support

other nonlinear optical processes. In second-harmonic generation (SHG), two photons at

the same frequency combine to produce a single photon at twice the frequency. Parametric

down-conversion (PDC) is another important process, in which a single high-energy photon

splits into two lower-energy entangled photons.

These nonlinear processes preserve the quantum coherence and phase relationships of the

interacting fields. They have been the backbone of experiments for generation of entangled

pair sources [72–74], photonic gates [69, 70] and are widely used for quantum frequency

conversion applications [75–81].

5.2 Intracavity nonlinear processes

Low-finesse cavity enhancement of strong pump and/or input fields is commonly employed to

obtain high conversion efficiencies for nonlinear frequency mixing in free-space platforms [72,

82]. Taking advantage of small mode volumes, integrated photonics platforms can provide

higher conversion efficiencies at lower pump powers [70, 71, 83, 84].

In addition to field build-up at the input and the pump, Purcell-enhanced emission of

the output into resonant cavity modes has enabled various applications such as doubly-

resonant optical parametric oscillators [72] to obtain gain for photon-pair generation, optical

frequency tweezers to pick and convert frequencies from a broad source [85], sources for

frequency-converted orbital angular momentum modes [86, 87], and photon-pair sources

with bandwidths matched to atomic quantum memories [68].
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A strong coupling condition for two cavity modes is very similar to that discussed in

chapter 2 for an atom and a cavity mode. It is achieved when the coupling strength between

two modes exceeds the loss rates of the two modes. Strong coupling of optical cavity modes

and consequent frequency conversion have previously been demonstrated in triply-resonant

aluminum nitride [88] and silicon nitride [89] microring resonators. The tight confinement of

optical modes and longer interaction lengths in these nanophotonic platforms provide large

coupling strengths at low pump powers [69–71]. However, compared to free-space cavities,

these systems are limited by fiber-device coupling efficiencies2 and cannot accommodate

quantum systems such as neutral atoms for cavity-QED experiments.

5.3 Theory: Coupled cavity modes in a free-space

doubly-resonant cavity

5.3.1 Coupled cavity Hamiltonian

Let us consider the interaction between two cavity modes, âDF and âSF, mediated by an

intracavity χ(2) nonlinear crystal that is driven by a classical pump field at frequency ωp. In

the laboratory frame, the Hamiltonian describing this system is

H = ℏωDFâ
†
DFâDF + ℏωSFâ

†
SFâSF

+ ℏg
(
â
†
DFâSFe

−iωpt + âDFâ
†
SFe

iωpt
)
,

(5.1)

where ωDF and ωSF are the resonance frequencies of the bare cavity modes, and g is the

nonlinear coupling strength. The time dependence of the coupling arises from the classical

pump field, which oscillates at ωp.

2. Integrated photonics platforms typically lose 4-8 dB in fiber-chip coupling per facet [69, 70].
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In a frame rotating with the pump field, the Hamiltonian can be written as

H = −δpumpâ
†
SFâSF + g(â

†
DFâSF + âDFâ

†
SF)

(5.2)

δpump is the detuning between the two cavity modes set by the detuning of the pump

from ωp,0 = ωSF − ωDF. The coupling strength is g =
√
ϵ Φ ν, where ϵ is the single-pass

conversion efficiency for the crystal, Φ is the spatial mode overlap factor for the pump beams

and the cavity modes, and ν is the free-spectral range c/2L, where L is the length of the

cavity. The expression generally holds true for any two cavity modes coupled by a coupler

of efficiency ϵ [30] and has been experimentally demonstrated for near-degenerate coupled

resonators [90, 91]. Appendix A.8 outlines a first-principles derivation of g from a three-level

system modeling of the χ(2) coupling. Since the out-of-cavity conversion efficiency ϵ scales

linearly with pump-power, the coupling has a square-root dependence on the pump-power.

The beamsplitter Hamiltonian in Eq. 5.2 describes two coupled bosonic modes with the

pump frequency controlling the detuning of the drive between the DF and SF cavity modes,

and the pump power controlling the coupling strength. Diagonalizing the Hamiltonian yields

two eigenmodes that are superpositions of the uncoupled cavity eigenmodes of the form

â+ = (cos
(
θ
2

)
âDF +sin

(
θ
2

)
âSF) and â− = (− sin

(
θ
2

)
âDF +cos

(
θ
2

)
âSF), where tan(θ) =

2g/δpump. Thus, the new cavity quantizes the electromagnetic field in a way such that each

eigenmode has two frequency components.

Once losses are introduced via the total linewidths of the cavity at the SF and DF, the

two-mode-cooperativity C = 4g2

κDFκSF
compares the coupling rate with dissipation rates of the

two modes. It provides information about the maximum number of coherent exchanges that

can take place between the two cavity modes before the light is lost to the environment. A

resolvable splitting in the spectrum, corresponding to the condition 2g > (κSF + κDF)/2,

implies cooperativity C > 1, the strong-coupling condition of cavity QED.
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5.3.2 Driven cavity equations for coupled cavity modes

From the simplified Hamiltonian, the Langevin equations for coupled cavity modes a and b

(single-ended cavity) are written as [30]

∂ta(t) = −iω0,aa(t)−
κa
2
a(t)− iEe−iωLt −

√
κext
a ain(t)− igeiωptb(t)

∂tb(t) = −iω0,bb(t)−
κb
2
b(t)−

√
κext
b bin(t)− ige−iωpta(t)

where Ee−iωLt is the coherent drive term with frequency ωL for cavity mode a, {ω0,i, κi and

κext
i } are the resonance frequency, total linewidth and external linewidth for mode i. geiωpt

is the coupling term introduced by the pump. We define rotating frame operators:

ã := aeiωLt

b̃ := bei(ωL+ωp)t

With the external bath in vacuum state (hence ⟨ain⟩, ⟨bin⟩ = 0), at steady state:

i(ωL − ω0,a)ã− iE − κa
2
ã− igb̃ = 0

i(ωL + ωp − ω0,b)b̃−
κb
2
b̃− igã = 0

Let ωL − ω0,a = δL,a0 and ωp = ω0,p + δpump. With ω0,a + ω0,p = ω0,b,

iδL,a0ã− iE − κa
2
ã− igb̃ = 0

i(δ′L,a0 + δpump)b̃−
κb
2
b̃− igã = 0

The input-output relations provide the output leaking out of the cavity for the two modes:

⟨aout⟩ = Ee−iωLt/
√
κext
a +

√
κext
a ⟨ã⟩e−iωLt

⟨bout⟩ =
√
κext
b ⟨b̃⟩e−i(ωL+ωp)t

(5.3)

69



These relations provide expressions that are used to fit experimental data. The κDF is

determined independently from fits to finesse measurements.

5.3.3 Coupled cavity conversion efficiency and impedance matching

Using the input-output relations, the conversion efficiency from DF to SF at DF resonance

and zero probe detuning is

∣∣∣∣∣ âout
SF
âin
DF

∣∣∣∣∣
2

=
16g2κext

DFκ
ext
SF

(4g2 + κDFκSF)2
=

4C
(1 + C)2

κext
DF
κDF

κext
SF
κSF

(5.4)

where κext
i = Tiνi denote the external linewidths of the cavity modes, with T = transmission

coefficient of the coupling mirror at frequency i.

For fixed internal losses and coupling g, the highest conversion efficiencies are achieved

when there is zero reflection from the input port. The expression for the reflection is

∣∣∣∣∣ âout
DF
âin
DF

∣∣∣∣∣
2

=
(Cmax + (βDF − 1)(1 + βSF)

Cmax + (1 + βDF)(1 + βSF)

)2

where βi =
κext
i

κint
i

.

Physically, the condition |aout|2 = 0 requires the input rate of photons (κext
DF) should

equal to the sum of the loss rate from the first cavity (κint
DF) and the rate of coupling to the

other cavity ( 4g
2

κSF
)

κext
DF = κint

DF +
4g2

κSF

(κext
DF − κint

DF)(κ
ext
SF + κint

SF) = 4g2

Since the converter should be symmetric in operation, we can interchange a and b to write

(κext
SF − κint

SF)(κ
ext
DF + κint

DF) = 4g2
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which implies
κext

DF
κint

DF
=
κext

SF
κint

SF
=

√
1 +

4g2

κint
DFκ

int
SF
, or

βDF = βSF =
√
1 + Cmax

Given the constraints on κint
DF and κint

SF, the optimum overall efficiency achievable is

∣∣∣∣∣ âout
SF
âin
DF

∣∣∣∣∣
2

opt
=

2 + Cmax − 2
√
1 + Cmax

Cmax

≈
Cmax≫1

1− 2√
Cmax

5.4 Experimental platform

The experiment is described in Fig 5.1. We integrate a bulk 1 cm long 5% MgO-doped ppLN

crystal within a macroscopic Fabry-Pérot optical cavity designed to be resonant at 780 nm

and 516 nm. The surfaces of the crystal are AR coated for 780 nm (R ∼ 0.0005) and 516 nm

(R ∼ 0.0004) to minimize cavity loss. The crystal supports a cavity finesse of up to 830(10)

(figure 5.2a) at 780 nm, with a limiting finesse of about 1000.

Figure 5.1: Intracavity nonlinear crystal in a doubly-resonant cavity. An AR-coated and
periodically-poled 5% MgO doped lithium niobate (ppLN) bulk crystal is placed within a
macroscopic Fabry-Pérot cavity which is doubly-resonant at 780 nm (difference-frequency or
DF) and 516 nm (sum-frequency or SF) wavelengths. The 10 mm long crystal is positioned
approximately at the center of the 82 mm long cavity. At the input and output, the different
beams are combined and separated using dichroics. The cavity length is stabilized by locking
to a reference 785 nm tracer laser for most experiments.
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a b c

Figure 5.2: Measurement of cavity finesse with intracavity 5%-MgO doped ppLN crystal
at 780 nm for various experiments in the chapter. (a) Measurement via a cavity ringdown
measurement [92]. The cavity transmission, when the probe frequency sweep rate > κ/F ,
displays an oscillating behavior which can be fit to an exp-erfc function. The measured
finesse F = 830(10) suggests a round-trip loss of 0.76% in the crystal cavity. The error
is calculated from the fit. (b), (c) Finesse measurements by modulating the probe using
an EOM for (b) avoided-crossing measurements, and (c) conversion efficiency measurements
with higher transmission outcoupler. The errors are calculated from uncertainties in cavity
length measurement and x-axis calibration. The difference in (a) and (b) is most likely due
to contamination during the course of the experiment. The finesse in (c) is lower due to
contributions from the higher outcoupling end mirror.

5.4.1 Phase matching

In a material like lithium niobate, the refractive indices at the pump, sum-frequency (SF),

and difference-frequency (DF) wavelengths are considerably different, leading to a wavevec-

tor mismatch that prevents natural phase matching. This limits the usable length of the

crystal to smaller than the coherence length Lc = π/|∆k| = π/|kpump + kDF − kSF |, which

for our wavelengths is about 3 microns at 35◦ C. Beyond this length, the accumulated phase

mismatch causes newly generated waves to interfere destructively with earlier ones, reducing

the overall efficiency of the nonlinear process. To extend the effective interaction length,

quasi-phase matching (QPM) is implemented, where the nonlinear susceptibility is periodi-

cally inverted to compensate for phase mismatch and maintain constructive interference over

a longer propagation distance.

The periodic poling of the crystal in the experiment is designed (HC Photonics) to provide

quasi-phase matching at 35◦ C. Fig 5.3(a) shows the temperature dependence of converted
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power in free-space. The translation of the peak from specified temperature is likely due to

angle of incidence deviation from 0◦. Once the crystal is placed inside the cavity, we observed

a maximum around 34.9◦C (Fig 5.3(b). Since our crystal surfaces are ∼30% reflective at

1529 nm, the pump wavelength, there is an etalon effect leading to periodic variations in

intracavity pump power, which leads to dips in Fig 5.3(b). With the temperature fixed,

when the pump frequency is scanned (Fig 5.3(c)), the frequency spacing of the oscillations

is ∼ 4× cavity FSRs = 6.4 GHz, which matches the crystal etalon free-spectral range after

accounting for the refractive index of lithium niobate.

a cb

(a
rb
)

Figure 5.3: Phase matching characterizations (a) Out of cavity, we send 780 nm light into
the crystal and measure the converted 516 nm power to characterize the crystal temperature
dependence of frequency conversion. The data is fit to a sinc-squared function. (b) We
place the crystal within the cavity and extract the single-pass conversion efficiency from the
splitting in the spectrum (g =

√
ϵ ν). In this measurement, the temperature is scanned and

the pump frequency is kept fixed. The difference in optimal temperature is likely due to
different crystal angles. The anomalous dips appear due to a crystal etalon effect for the
pump (see text), confirmed by a pump frequency scan in (c) at fixed temperature.

The crystal is mounted on a 4-axis translation stage between two curved mirrors (ROC

100 mm) that form a standing-wave cavity at 780 nm and 516 nm. The 780 cavity waist is

designed to be 110 µm, 516 to be 90 µm and the pump waist is estimated to be ∼ 116 µm

(Sec 5.8). The 1529 nm pump is sourced from an EDFA (Amonics AEDFA-PM-37-R-NC,

seed: Gooch and Housego).

It is noteworthy that the crystal simultaneously provides quasi-phase-matching for the

difference-frequency generation of 780 nm from 516 nm using the same pump at 1529 nm,
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allowing symmetric bidirectional coupling.

Figure 5.4: Optical pump-mediated coupling of cavity modes at 780 nm and 516 nm. (a)
When pumped at 1529 nm, the crystal couples the two cavities modes (âDF and âSF) via sum-
and difference-frequency generation processes. When the pump is near two-mode resonance,
this coupling admixes the two modes yielding eigenmodes (with lowering operators â+ and
â−) that are the superposition of the DF and SF modes. In the absence of loss, the minimum
frequency splitting between the hybridized modes is determined by the coupling strength
g =

√
ϵ ν, where ϵ is the single-pass wavelength-conversion efficiency and ν is the cavity

free-spectral range (c/2Lcav). (c) We measure the coupled resonator transmission at DF
and SF as a function of the detuning of the DF probe laser from the DF cavity resonance
and observe a mode splitting in the spectrum when the crystal is driven by a pump. The
frequency splitting is evidence of hybridization of the DF and SF modes. The solid lines
are fits. The spectra correspond to a coupling g = 2π × 5.0(2) MHz and cavity decay rates
{κDF, κSF} = 2π × {2.5(1), 6(1)} MHz, providing a cooperativity C = 4g2/κDFκSF = 7(1).

5.5 Coupled-cavity spectroscopy: splitting of modes

At the two-cavity resonance (δpump = 0), the coupling between the two frequency modes

manifests spectroscopically as a frequency splitting of 2g in the cavity transmission spectrum

(figure 5.4a). Fig 5.4(b) shows the observed spectrum at 780 nm and 516 nm when the

cavity is probed via an input at 780 nm using a pump power of ∼200 mW. The symmetric

splitting corresponds to g = 2π × 5.0(2) MHz, with total cavity linewidths of {κDF, κSF} =

2π × {2.5(1), 6(1)} MHz, corresponding to C = 7(1).

Figure 5.5 shows an avoided crossing in cavity transmission around the bare DF and SF
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Figure 5.5: Dependence on pump frequency. The contribution of the bare modes to the
hybridized modes is controlled by the detuning δpump of the pump from the two-mode reso-
nance. The relative strengths of the DF and SF modes in the hybridized modes vary as the
pump frequency is swept across two-cavity resonance as depicted in the cavity transmission
at 780 nm (left, red) and 516 nm (right, green), as the 780 nm probe frequency and the
two-cavity detuning (set by the 1529 nm pump frequency) are simultaneously scanned.

modes as the cavity is probed with 780 nm light and the pump detuning δpump is scanned.

Each horizontal slice on the avoided-crossing diagram in figure 5.5 is the output of the cavity

at 780 nm and 516 nm when it is probed with 780 nm light.

The contributions of each of the bare modes toward the new eigenmodes vary with the

pump detuning, resulting in the variation of the cavity transmission of the peaks. At the

two-cavity resonance, we measure two peaks with equal transmission. Away from resonance,

we measure more 780 nm transmission corresponding to the mode that has more contribution

from the uncoupled DF eigenmode.

If the dissipation of the two modes are equal, we expect equal transmissions for the split

peaks in the SF transmission. This is because even with a lower SF contribution in an

eigenmode, the excitation amplitude from the DF probe is stronger due to larger DF mode

contribution. The two peak transmissions in the 516 nm spectrum should simultaneously

decrease as the pump is tuned away from the two-mode resonance, because the eigenmodes
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that are excited more have less contribution from the SF mode. In this case, however, we

see asymmetric transmission for the two 516 nm peaks at each horizontal slice away from

resonance. This is due to a higher dissipation rate of the SF cavity mode than of the DF

cavity mode, leading to seeing more loss (hence lower SF transmission) for coupled modes

that have higher contribution of the bare SF mode.

For this experiment, the cavity is crystal-loss dominated as both end-mirrors are coated

at 99.965% for 780 nm and 99.963% for 516 nm, leading to an undercoupled resonator setup.

For better impedance matching and thus higher SNR, the mirrors should be coated for higher

transmission at 780 nm and 516 nm. The mirrors are coated for high transmission at 1529 nm

(R = 0.02%).

The cavity length is locked absolutely to a stable reference. It is stabilized to a tracer

785 nm laser, which has been co-locked with the probe carrier using a separate stable transfer

cavity. We sweep the probe frequency using an electro-optic modulator driven by a crystal

oscillator and vary the detuning of the two cavities via frequency sweep of the 1529 nm

pump.

5.6 Optical transduction of a classical drive

While ultimately, we would want to characterize transduction of individual photons, we

present an experimental proof of concept using a classical drive. This section presents con-

version efficiency results for conversion from a continuous classical drive at 780 nm to 516 nm.

To obtain higher end-to-end conversion efficiency from better impedance matching, the

mirror used as the 780 nm incoupler and 516 nm outcoupler is coated for 1.34% transmission

at 780 nm and 2.36% transmission at 516 nm. The other end-mirror is the same from the

avoided-crossing experiment, functioning as the blocked end of the cavity. The small leakage

at 780 nm from the this highly reflective mirror is used to stabilize the cavity to 780 nm

resonance. The outcoupler is unintentionally coated for 98.6% reflection at 1529 nm, which
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Figure 5.6: 780 nm → 516 nm end-to-end conversion efficiency. The cooperative enhance-
ment at the input and output modes can be utilized for optical transduction. The maximum
end to end conversion efficiency is measured to be 30(1)%. Shown is the numerical simula-
tion (a) and data (b) with a one-parameter fit (Sec 5.3.3). The maximum external efficiency
for fixed external and internal losses is reached when the internal efficiency reaches unity, at
C = 1. The major source of error in the experiment were drifts of the input laser power. Note
that a higher transmission cavity outcoupler (details in text) was used in this measurement
for better impedance matching, with {κDF, κSF} = 2π × {5.3(2), 12.3(6)} MHz. Also note
that the data and theory here present the conversion efficiency when the input frequency is
at bare DF resonance.
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at perfect alignment should increase g. We did not characterize the alignment of our pump

beam with respect to the crystal, but did observe a greater g for this section of the experiment

for a given pump power (∼ 2π× 5 MHz at ∼ 100 mW compared to ∼ 2π× 5 MHz at ∼ 200

mW for the avoided-crossing experiment). The powers at 780 nm and 516 nm are measured

using a NIST/PTB calibrated Thorlabs S120C sensor after bandpass filters at the respective

wavelengths.

The optical pump can be thought of as modulating the cavity’s optical path length at

c/λpump = 196 THz, generating a frequency sideband at 516 nm. The crystal’s periodic

poling can be seen as a spatial analog of serrodyne [93] modulation, providing a frequency

sideband on just one side of the carrier. More significantly, this cavity modulation and the

consequent frequency shifting is Purcell- enhanced or suppressed by tuning the DF and SF

frequencies into or out of resonance with the cavity modes using the pump frequency.

Figure 5.6 shows the measured conversion efficiency at different pump powers and values

of C, with a maximum conversion efficiency of 30(1)%. For fixed external and internal losses,

the maximum efficiency is reached when C = 1. In terms of cavity finesses F = ν/κ, C is

equal to 4ϵFDFFSF, demonstrating that the ‘internal’ conversion efficiency [53] 4C/(1 + C)2

quickly approaches unity because of the O(104) enhancement of the single-pass conversion

efficiency ϵ by the two cavities. The external conversion efficiency stops increasing after C

reaches one because the photon extraction rate, dependent on outcoupler transmission, fails

to keep up with the increasing internal coupling rate. The latter manifests as the splitting in

the spectrum because the occupation in the cavity modes begins to oscillate with frequency

2g as seen in Figs 5.4b and 5.5.

The data shown in figure 5.6 is fit to equation 5.4, using κext
i values from mirror coating

specifications and κi values from avoided-crossing data for the cavity with a higher trans-

mission outcoupler. A single fit parameter was used to account for the frequency-dependent

variation in single-pass conversion efficiency at equal pump powers (as discussed in Sec 5.4.1,
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figure 5.3(c)). The fit suggests an 84% difference in single-pass efficiency for a frequency dif-

ference of ∼ 600 MHz, which is within the range of measurements shown in figure 5.3(c).

In the current experimental setup, the end-to-end conversion efficiency is limited by the

spatial overlap of pump and cavity modes, our choice of coupling mirror specifications, and

ultimately, the intrinsic losses of the cavity (excluding in- and out-coupling) at the two

wavelengths, quantified by κint
DF and κint

SF. We discuss estimated improvements later in the

chapter.

5.7 Spatial-mode coupling across frequencies

The coupling g between two frequency modes includes a dependence on the spatial overlap

of the pump and cavity modes
∫
Vcrystal

E∗
SF(r⃗)Epump(r⃗)EDF(r⃗)dV over the crystal volume.

When the pump is not perfectly mode-matched due to suboptimal waists or misalignment,

this can lead to overlap with, and hence, coupling to higher-order transverse modes of the

cavity. However, the conversion to higher-order modes is Purcell suppressed via transverse

mode non-degeneracy of the cavity, making the system more tolerant to small mismatches

in mode-waists and misalignment of the pump. The reduction in coupling into the target

mode can be offset via increased pump power.

In the presence of spatial overlap with higher order modes, the pump frequency can be

varied to obtain cavity enhancement of coupling between different spatial modes at the sum-

and difference- frequencies. Fig 5.7 shows the mode profile of some other converted higher

order modes of the 516 nm cavity. As an example, Fig 5.8 demonstrates coherent coupling

between a DF fundamental Gaussian (HG00) mode and the spatially-orthogonal SF HG10

mode, achieved by tilting the pump beam with respect to the cavity axis and varying the

pump frequency to be resonant with the SF HG10 mode. For higher coupling to targeted

spatial modes, the pump can be beam shaped for more spatial overlap. The mode profile of

the output is expected to be of high quality, as the output is spatially filtered by the cavity.
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Figure 5.7: Coupling to higher order modes When the pump is not completely mode-matched,
and the frequency of the pump is varied, we couple the fundamental Gaussian mode of the
780 cavity to higher-order modes of the 516 nm cavity.

Figure 5.8: Coupling orthogonal spatial modes across frequencies. (a) The cavity length
is stabilized to the DF HG00 mode and the pump frequency is set to be resonant with SF
HG10 mode. The pump misalignment bridges the spatial orthogonality of the two modes.
(b) Avoided crossing in the transmission spectrum at DF (left, red) and SF (right, green)
when probed with DF, corresponding to g = 2π× 2.7(1) MHz at ∼200 mW of pump power.
The coupling could be made stronger with spatial shaping of the pump.

80



(a) (b)

Figure 5.9: Measurement of pump bandwidth (a) Conversion efficiency data corresponding
to the pump bandwidth measurement. The fit has an additional fit parameter compared to
Fig 5.6 corresponding to optical loss due to a lossy lens in this iteration of the experiment. (b)
The pump bandwidth is deduced by scanning the pump frequency and fitting the converted
516 nm profile to a Lorentzian. The linear curve is a theory curve plotted using parameters
derived from avoided crossing and conversion efficiency measurements.

5.8 Estimated improvements

A gain in cooperativity is expected from optimizing pump- and cavity waists at the crystal

to increase the single-pass efficiency. From the model presented in appendix A.8, we find

that the optimal point of operation is when Lcrystal/2zR = 2.84, where zR is the Rayleigh

range of the cavity mode/pump beam. This is consistent with the theoretical extension of

the Boyd-Kleinman theory for non-resonant SFG by Guha et al [94], where the maximum

spatial overlap between the pump and the input, and the maximum single pass efficiency is

ensured at Lcrystal/2zR = 2.84 in the absence of walk-off. Optimizing the pump waist in

our current setup to 20 µm and designing a running-wave cavity [95–97] or a small-waist

cavity [32] (see chapter 7) with a waist of ∼ 14 µm is expected to provide an enhancement

of a factor of ∼ 15 in the single-pass conversion efficiency (Figs 5.10(a) and 5.10(b)).

For frequency-conversion with the current internal cavity losses, increasing the outcoupler

transmission and pump power can provide higher efficiencies (Fig 5.10(b)). In addition, ex-

ploring lower-loss nonlinear materials could be useful. Experiments with intracavity undoped
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Figure 5.10: Expected improvements (a) Calculation for the single-pass efficiency per mW
of pump power for the pump and input beam sizes for the current cavity design (with
780 nm cavity waist ∼110 µm at DF), intermediate waist (∼50 µm) and optimal waist
(∼14 µm). The maximum is obtained when the parameters ζ of the cavity and the pump
are equal to 2.84, where ζ = Lcrystal/2zR and zR is the Rayleigh length of the pump and
the cavity. The calculations are done for 1 mW of pump power. (b) Expected end-to-end
conversion efficiency in different scenarios. Blue: fit corresponding to data in main text
Fig 5.6b. Orange: with optimized outcouplers with the current crystal and cavity/pump
waists. Green: with optimized waists and outcouplers with the current crystal. Red: with
optimized waists and outcouplers and 3x lower losses at both SF and DF. Purple: with 10x
lower losses at both SF and DF.
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lithium niobate have provided limiting cavity finesse of 9900 (chapter 7). The crystal length

was 3 mm (Manufacturer: Castech), suggesting an absorption loss of 0.001 per cm. Mea-

surements of congruently grown lithium niobate suggest losses as low as 0.0004 per cm [98]

at 780 nm, suggesting a 10x gain in cooperativity from lower losses at 780 nm. Moving

to telecom wavelengths from 516 nm would provide a further gain in cooperativity due to

lower losses in lithium niobate in the telecom frequency range. One possible combination is

1570 nm as the pump, and 1550 nm and 780 nm as the difference- and sum- frequencies.

Other crystals, such as potassium titanyl phosphate (KTP), exhibit lower absorption

losses than lithium niobate (LN). However, due to their lower electro-optic coefficients

(around half of LN for KTP), they require a longer interaction length. After accounting

for the length, ppKTP should provide a factor of ∼7 improvement in loss over 5%-MgO

doped LN at 780 nm, but evaluates to comparable overall losses as compared to congruent

LN (Loss of ppKTP at 775 nm has been measured to be ∼127 ppm per cm [99], ∼3435 ppm

per cm for 5%-MgO doped LN [100] and 400 ppm per cm for congruently grown LN [98]).

(a) (b) (c)

Figure 5.11: Comparing overlap of spatial mode profiles of the 516 nm cavity mode and the
free space SFG output at 516 nm at different beam waist configurations at the output face
of the crystal: (a) Current waist configuration. The mode profiles and hence the overlap
stays the same throughout the length of the crystal because of a large waist/rayleigh range
compared to the length of the crystal, (b) Waist configuration at the maxima of blue curve in
figure 5.10a. The overlap and mode profiles vary significantly over the length of the crystal,
and (c) optimal waist (peak of green curve in figure 5.10a). The spatial mode profile varies
throughout the length of the crystal but the overlap is nearly equal to 1 throughout. The
beam profiles are calculated based on the integrals provided in reference [94]
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5.9 Discussion

In this work, we have demonstrated optically controlled, strong coupling between two cavity

modes using an intracavity χ(2) crystal, yielding Floquet eigenmodes that exist at two wave-

lengths simultaneously. Using the platform, we have presented a new approach to frequency

conversion with low pump powers, reduced sensitivity to alignment and waist optimization,

and negligible fiber-converter coupling losses due to near-perfect mode-matching of the input

with the cavity mode. By misaligning the pump, we have also demonstrated coupling be-

tween near-orthogonal spatial modes at two frequencies, adding more versatility by extending

control to the spatial dimension.

Looking ahead, we expect that improvements to the scheme such as utilizing lower-loss

congruent ppLN [98, 100] for cavity coupling, and redesigning the cavity for optimal waists

for the pump beam and the cavity modes, could increase the cooperativity Cmax by a factor

of >50 (SI 5.8), enabling faster coupling between modes, yielding higher cooperativity and

higher conversion efficiencies at lower pump powers.

More broadly, this work opens the door to cavity QED experiments with multiple atomic

species [101, 102] for gate and memory architectures [103, 104], and developing quantum

interconnects for atomic platforms [97, 105, 106]. In conjunction with experiments deploying

cavities with small waists for readout of atoms and atom arrays [32, 95, 97], this platform

could enable fast, optically-switchable readout to telecom wavelengths. The spatial control

across frequencies could be useful for simultaneous trapping of ground state and Rydberg

state atoms [107, 108], and increased channel capacity for communication through few-mode

optical fibers [109] and free-space [109–113]. Beam-shaping of the pump can also enable

fast, optically-generated local potentials for cavity photons [114]. Finally, the coupled mode

cavity could enable new protocols for state preparation and transfer [115–117].
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Coupling with atoms

Optically controlled tunable outcoupling

The improvement in single-pass conversion efficiency via pump and input cavity waist op-

timizations coupled with improvement in material losses should get us to a regime where

we can use a singly resonant cavity at the input wavelength, and vary its outcoupling by

varying the pump power. Figure 5.12 shows the variation in finesse (numerical simulation)

depending on the single pass efficiency in the accessible regime at similar pump powers with

optimized waists. This could enable direct readout to telecom wavelengths.
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Figure 5.12: Tunable finesse in a singly resonant cavity

Figure 5.13 shows numerical simulations using master equations for the evolution of

populations of the combined two-cavity and atomic states for different coupling and loss

parameters. For Rubidium, for instance, the conversion to the other mode is mostly limited

by the atomic lifetime, and the cavity losses seem to make a difference only at sufficiently

high single atom cooperativities.

Taking inspiration from tunable finesse in coupled cavities from reference [90], we can

also coupled the nonlinear crystal cavity to an atomic cavity and optically control the leakage

of the atomic cavity for controllable readout.
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Figure 5.13: Calculations with a single-atom inside the cavity. The states are defined as
{n1, n2, s}, where n1 is the number of photons in the 780 nm mode, n2 is the number of
photons in the 516 nm mode and 5s(5p) are the ground(excited) states of the atom. Note
that the last two plots are on a log scale.
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Chapter 6

Transduction with two cavities and a

three-level mediator

6.1 Introduction

This chapter provides a brief comparison between the two transduction schemes discussed

in Chapters 3, 4 and 5. It is worth noting that in the millimeter-wave-optical transduction

scheme, the Rydberg dressing of the ground state with the 297 nm UV laser reduces the four-

level system to an effective three-level system, allowing the atomic scheme to be modeled as

transduction mediated by a three-level system coupled to two cavity modes.

Figure 6.1 illustrates a three-level system with ground state |G⟩, intermediary excited

state |E⟩, and a second excited state |R⟩. The transitions |G⟩ ↔ |E⟩ and |G⟩ ↔ |R⟩ are

detuned from ωin and ωout by δE and δR, respectively. Two cavity modes, described by

a and b, have detunings δa and δb relative to ωin and ωout. A classical pump with Rabi

frequency Ωpump couples the |E⟩ and |R⟩ states. The corresponding Hamiltonian is
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Figure 6.1: Two cavities coupled to a three-level system. In the millimeter-wave to op-
tical transduction, the internal states involved are collective states of the entire participating
atomic ensemble and the transduction occurs close to resonance to the transitions. For the
nonlinear crystal, the states comprise the continuum of states of the crystal – operating far
from resonance allows us to abstract out the exact levels and rely on macroscopic quantities
like the χ(2) coefficient to calculate the coupling rate of interest.

H = Ho +Hint

Ho = δaa
†a+ δbb

†b+ δeE
†E + δrR

†R

Hint = GaaE
† + ΩpR

†E +Gbb
†R + h.c.

(6.1)

Here, E and R are bosonic annihilation operators representing collective excitations of states

|E⟩ and |R⟩, while Ga and Gb denote the collective coupling strengths of the atomic system

to the cavity modes a and b, respectively. For the crystal scheme, the collective state is

trivially constructed for one atom.

6.1.1 Resonant versus far off-resonant atomic interaction

During the operation of the millimeter-wave transducer, there is always some population

in the excited Rydberg levels, making it a non-parametric process, ie, there is an active

exchange of energy with the mediator. To a very good approximation, the transducer can

be described by a beamsplitting Hamiltonian between the millimeter-wave cavity and the
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dark-polariton:

6.1.1.1 Near-resonant case in atomic scheme: Beamsplitter between dark po-

lariton and mmwave cavity

The transducer when operated at two-photon Rydberg resonance operates at the dark po-

lariton resonance. In the limit where the bright polaritons are well separated in energy

from the dark polariton (when Copt ≫ 1), the millimeter-wave cavity couples only to the

dark-polariton state. The operators a,E and R can be written in the polariton basis as

a =
1√
2
(B+ +B−) sin(θD) +D cos(θD)

E =
1√
2
(B+ −B−)

R =
1√
2
(B+ +B−) cos(θD)−D sin(θD)

(6.2)

whereD and B± are the dark polariton and bright polariton destruction operators, and θD =

tan−1(Gopt/Ω). Substituting relations 6.2 in the linearized Hamiltonian for the transducer

at resonance: Hlin = gopt
√
NâE† + ΩbER

† + gmm

√
NΩuv
∆ b̂†R + h.c.1, and projecting the

Hamiltonian onto the dark-polariton manifold to ignore the effect of the off-resonant bright

polaritons, yields

PDHlinPD =

(
−
√
Ngmm sin θD

Ωuv

∆
b†D + h.c.

)
(6.3)

While in our operating regime we could observe a small effect of coupling to the bright

polaritons, this approximate analysis highlights the active participation of the mediator in

the transduction process. In this case, if we were to write an effective χ(2) for the atomic

transducer it would contain imaginary terms corresponding to absorption processes induced

by the pump by excitation of lossy excited levels. It is noteworthy that despite the absorption

1. We identify Ga in equations 6.1 with gopt
√
N , Ωpump with Ωb, and Gb with gmm

√
NΩUV

∆ .
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term, it is possible to get high conversion efficiencies by making the good rates (pump Rabi

frequency, G’s of cavities) dominate the loss rates (ΓR) such that the coupling/conversion

occurs before the lossy absorption kicks in (impedance matching, discussed in chapter 3 and

again in section 6.1.6).

6.1.1.2 Far off-resonant case in crystal cavity: Beamsplitter between two cavity

modes

Here we derive the Hamiltonian for the χ(2) crystal-coupled cavity modes starting from

a three-level system. Invoking the Heisenberg-Langevin equations for the Hamiltonian in

equation 6.1, we can write (similar to the derivation in chapter 3, equations 3.2):

ȧ = (iδa −
κa
2
)a− iGaE +

√
κext
a ain (6.4)

Ė = (iδE − ΓE
2

)E − iGaa− iΩpR (6.5)

Ṙ = (iδR − ΓR
2
)R− iΩpE − iGbb (6.6)

ḃ = (iδb −
κb
2
)b− iGbR +

√
κext
b bin (6.7)

Non-linear processes are typically far-detuned from the internal states of the crystal, al-

lowing us to adiabatically eliminate the upper states of the mediator by setting equations 6.5

and 6.6 to 0. Using the expressions for E and R obtained from this step, we get an effective

coupling between a and b reducing the Hamiltonian to

Hint = g(a†b+ ab†) (6.8)

where g =
GaGbΩp

δEδR
(6.9)

Thus, the crystal cavity, as we already saw in the previous chapter, can be described by a

beamsplitting Hamiltonian between the two cavities. There is no active exchange of energy
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with the atoms, neither an occupation in the excited states of the atoms in the crystal.

The χ(2) is real and frequency insensitive in a large region and can be determined from a

macroscopic measurement.

6.1.2 Losses

Low losses are desirable in any quantum platform. In transduction based applications, it is

particularly critical to preserve as much quantum information encoded in single photons and

prevent it from being read by the universe via loss channels.

Atomic scheme: Spontaneous emission from the excited states is the primary concern

for loss. For the atomic scheme, the losses are overcome by using Rydberg states which

have long lifetimes2, and a cavity Rydberg electromagnetically induced transparency (EIT)

scheme that interferometrically eliminates any population in a dissipative low-lying excited

state.

Crystal scheme: For the crystal, the loss sources could be both spontaneous emission

and other scattering losses arising out of the complex structure. In the crystal scheme, those

losses are conveniently avoided by operating far from any resonances. The crystal cavities

are more susceptible to losses owing to the presence of impurities in the macroscopic crystal,

which impacts the cooperativity. Chapter 7 discusses losses with macroscopic intracavity

optics in more detail.

6.1.3 Dipole selection rules

In a system with inversion symmetry, the |R⟩ → |G⟩ transition should be dipole forbidden

if the two-photon transition |G⟩ → |E⟩ → |R⟩ is dipole allowed, and vice versa. In the

classical non-linear optics description, this is equivalent to saying that the second-order

2. Combined with dephasing, the linewidth of collective Rydberg states still have an impact on the
cooperativities as discussed previously.
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nonlinear response (or χ(2)) vanishes in the presence of inversion symmetry ([72]). Both

the platforms involve inversion symmetry breaking to allow for the dipole transition. In the

case of 85Rb atomic ensemble, the symmetry is broken by the UV dressing3 which mixes

state |G = 5S⟩ with state |35P ⟩. In the case of the crystal, the inversion symmetry breaking

comes from the arrangement of atoms in the crystal lattice.

6.1.4 Cooperative enhancement

The interaction of a cavity mode with an ensemble of atoms scales the coupling g by a factor

of
√
N , where N is the number of atoms in the ensemble. This cooperative enhancement

follows from the fact that the cavity mode couples with symmetric Dicke states of the entire

ensemble, inducing a coherence across the atomic cloud (Appendix A.2). In the case of the

near-resonant atomic transducer with N ≈ 600, we get enhancement factors of
√
N cos2 θ

and
√
N sin2 θ at the optical and millimeter-wave transition, where tan θ is the UV dressing

fraction.

A far off-resonant transduction scheme will typically require a much higher collective

enhancement via a larger number of mediators due to weaker participation away from res-

onance. The macroscopic crystal employs on the order of 1023 atoms that interact non-

uniformly with the cavity mode as they are spread over a macroscopic volume. The coupling

g between the two modes is proportional to the total number of atoms N, which shows up

through the χ(2) coefficient in the single pass efficiency, or equivalently, through the product

of individual cavity couplings when equation 6.9 is evaluated for all mediators within the

crystal.

3. The UV dressing is primarily required for energy and momentum conservation. The state mixing
justifies modeling the transducer as a dipole-allowed three-wave mixer.

92



6.1.5 Phase matching

Due to the involvement of different wavelengths and wavelength-dependent refractive index

of matter, the propagation length over which phase coherence is preserved between different

fields is very short, leading to destructive interference of generated fields. In the atomic

scheme, the cloud is sufficiently dilute to assume the refractive index to be unity at the

wavelengths of interest. In the crystal, phase matching is ensured by periodic poling and

fine-tuned (to some extent) via temperature and angle-tuning. The platform is robust to

small mismatches as the cooperative enhancement can offset, at the cost of pump power, the

decrease in single pass efficiency.

6.1.6 Impedance matching

The atomic and crystal schemes can be termed as stage-1 and stage-0 transduction schemes

respectively, due to the number of internal couplings involved [53]. The requirement to

matching different coupling rates in the system is key to getting high conversion efficiencies

in an otherwise leaky system.

In the case of the atomic transducer, due to the active involvement of the atomic levels,

impedance matching is required even in the absence of cavity losses to balance the three

rates of coupling cavity photons to atoms, leading to the impedance matching condition of

Ca = Cb =
√

1 + Cp (6.10)

The overall conversion efficiency is obtained by scaling the internal conversion efficiency by

an additional factor of κext
a
κa

κext
b
κb

.

In the crystal cavity, in the absence of internal cavity losses, no rate matching is required

– the external conversion efficiency (κ
ext
a
κa

κext
b
κb

ηint) is equal to the internal conversion efficiency

(ηint = 4C
(C+1)2

) and a cooperativity of 1 ensures perfect conversion. However, in the presence
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Figure 6.2: Interpreting impedance matching conditions for a → b direction of
transduction. Left: Stage 1 impedance matching. Right: Stage 0 impedance matching

of losses, one has to match the rates of incoupling and outcoupling into the cavity to the rates

of coupling to the other cavity, giving rise to impedance matching conditions very similar to

the atomic transducer:
κext

a
κint

a
=
κext

b
κint

b
=
√
1 + Cmax, (6.11)

where Cmax = 4g2/κint
a κint

b , is the cooperativity in the absence of any leakage through the

mirrors. The ratios of the external coupling and internal linewidths function in a manner

similar to the millimeter-wave and optical cooperativities in equation 6.10 in the sense that

they are the ratios of the good coupling rates to the bad coupling rates. Note that in

the crystal based transduction scheme, the impedance-matching condition maximizes the

overall conversion efficiency, while in the case of the atomic ensemble transduction, a similar

condition maximizes the internal conversion efficiency.
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Chapter 7

Intracavity optics

Introduction

As discussed in Chapter 2, the figure of merit for a cavity – the finesse F – scales inversely

with the losses in the cavity. Inserting a macroscopic optical component within the cavity

becomes a dangerous endeavour, as it can introduce large losses that can lower the finesse

significantly. At the same time, these optics can make the cavities more versatile. We already

saw a glimpse in Chapter 5, with the use of an intracavity ppLN to generate two-color cavity

modes.

In this chapter, we will begin with an analysis of the limiting loss mechanisms – absorp-

tion, reflection, and scattering from surface irregularities – and discuss how material choice

and coatings can mitigate these effects. We then explore cavity configurations that replace

traditional curved mirrors with intracavity lenses, enabling astigmatism correction for non-

planar cavity designs and small mode waists for high single-atom cooperativity. Then, we

present a method for scaling to arrays of cavities via microlens arrays. We then discuss high-

bandwidth modulation and stabilization of cavities using intracavity electro-optic crystals

and RF techniques.
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7.1 Loss considerations

Table 7.1 summarizes the limiting finesses enabled by intracavity optics in the discussed

experiments. For intracavity optics, the major sources of loss are: (1) absorption, (2) surface

reflection, and (3) scattering due to surface roughness.

Material
Limiting
finesse

Extracted
round-trip loss

Superpolished lenses (2x) 18000 <0.02% per optic
Lenses (2x) 11000 <0.03% per optic
Lenses (1x) 17000 <0.04%
Lithium niobate (3 mm) 9900 0.06%
5% MgO-doped Lithium niobate (10 mm) 1000 0.63%
Thorlabs microlens array (ML300-AR) 430 1.46%
Patterned end mirror >1000 <0.63%

Table 7.1: A summary of approximate limiting finesses enabled by intracavity optics in
experiments presented in the thesis.

Figure 7.1: Ringdown measurements for cavity finesse [92] (a) A resonator with 3 mm long
lithium niobate crystal with a finesse of 4200 (limiting finesse: 9900). (b) A loss-dominated
resonator with a 10 mm long periodically poled lithium niobate (ppLN) with a finesse of 830
(limiting finesse: ∼1000). (c) A resonator with two lenses and a finesse of 18400 ([96])

7.1.1 Bulk absorption loss

Absorption losses in intracavity optical elements can originate from absorption from impuri-

ties and internal scattering. In glasses, internal scattering may arise from the glass matrix, or
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structural inhomogeneities such as the presence of bubbles. Among commonly used optical

glasses, fused silica (FS) exhibits low absorption and scattering, enabling high finesse; for

instance, a finesse of 18,400 was observed with two FS lenses (figure 7.1c). FS performs well

across most of the visible and near-infrared spectrum, except for an hydroxyl (OH) absorp-

tion band near 1.4 µm. In contrast, N-BK7 is less suitable for high-finesse cavities due to an

absorption loss of <0.002 per cm [118].

Losses in lithium niobate (LN) primarily arise from impurities and generally decrease

from the visible (VIS) to the near-infrared (near-IR) [98, 100]. We measured a limiting

finesse of 9900 for a 3 mm long congruent LN crystal and 1000 for a 10 mm long 5% MgO-

doped periodically poled crystal. The optical losses in LN can vary significantly between

samples, as neither doping nor periodic poling should, in principle, introduce additional loss

mechanisms, although studies show that congruent lithium niobate performs better than

doped lithium niobate [98, 100].

Other crystals, such as potassium titanyl phosphate (KTP), exhibit lower absorption

losses than lithium niobate (LN). However, due to their lower electro-optic coefficients

(around half of LN), they require a longer interaction length, which might1 lead to com-

parable overall losses for typical applications.

7.1.2 Surface reflection loss

In a standing-wave cavity, any optical element introduces four additional surfaces, with

reflections from each contributing to round-trip losses. The magnitude of these losses depends

on the material’s refractive index, as described by the Fresnel reflection coefficient:

R =

(
n− 1

n+ 1

)2

. (7.1)

1. Loss of ppKTP at 775 nm is ∼127 ppm per cm [99], ∼3435 ppm per cm for 5%-MgO doped LN [100]
and 300 ppm per cm for congruently grown LN [98]. The dielectric coefficient for KTP is about half of that
of LN. The conversion efficiency is proportional to (deff)

2 ×Lcrystal for conversion with Gaussian beams [94].
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assuming normal incidence from air/vacuum. For high-index materials, reflection losses

can be significant. For instance, lithium niobate (LN) (n = 2.2) results in approximately

14% loss per interface, while ultraviolet-grade fused silica (UVFS) (n = 1.5) incurs about

4% per interface. Such losses can severely impact cavity finesse and stability due to mode

hybridization.

Ion-beam sputtering (IBS) coating processes enable high-quality anti-reflective (AR)

coatings, achieving reflectivities as low as R = 250 ppm, with coating-induced losses be-

low 10 ppm. Interestingly, we observed cavity finesses exceeding expectations based on

coating specifications (250 ppm limits finesse to ∼6000). Two possible explanations for this

discrepancy are: (1) the coatings outperform their specified performance, or (2) reflected

light is spatially mode-mismatched, hence Purcell-suppressed and forced to remain within

the desired cavity mode. The latter mechanism, however, is not reliable; in the presence of

mode-mismatched higher-order degenerate modes, it can lead to unwanted Purcell-enhanced

coupling to those modes and resulting cavity instabilities.

For temperature-sensitive optics, such as periodically poled lithium niobate (ppLN), it

is also essential to consider the temperature dependence of coating performance, as thermal

variations may impact optical losses and cavity behavior.

7.1.3 Surface roughness

Surface irregularities in optical elements can scatter light out of the cavity, thereby reduc-

ing the achievable finesse. Various metrics are used to characterize surface irregularities at

different spatial scales [119, 120], including the U.S. Navy’s scratch-dig standard, which com-

pares scratches to predefined reference sizes, wavefront deformation measurements relative

to the optical wavelength, and root-mean-square (RMS) surface roughness, which captures

small-scale irregularities.

While macroscopic defects impact the finesse on a coarse level, RMS roughness (σ) is
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crucial in determining scattering losses in high-finesse systems. The estimated scattering

loss due to surface roughness is given by [119]:

R = R0 exp

(
−(4πσ)2

λ2

)
, (7.2)

where R0 represents the initial reflectivity of the optical surface.

Magnetorheological finishing (MRF) can typically achieve surface roughness below 2 Å,

and superpolished surfaces with roughness below 0.5 Å are also attainable. Notably, ion-

beam sputtering (IBS) coatings preserve the RMS surface roughness of the underlying sub-

strate, ensuring that the benefits of superpolishing are retained. With the currently available

technologies, the surface roughness specification affects the finesse on a similar scale to AR

coatings.

In addition to loss outside the cavity, both AR coatings and surface roughness can

backscatter light into the cavity, leading to instabilities arising from hybridization of modes.

This was analyzed in reference [121] where the Purcell backscatter suppression was observed

in a twisted resonator with lenses from a combination of factors of image rotation, polariza-

tion and spatial mode matching. The suppression was to almost 106× compared to the free

space AR coating specification on the lens, but such suppression is not always available.

7.1.3.1 External Contamination

Accumulation of dust and other particulates due to environmental exposure can introduce

significant optical losses and degrade cavity performance. One approach to mitigating this

issue is the use of monolithic covered cavities, which minimize exposed surfaces and reduce

contamination risks.

For removable optics, cleaning solutions such as First Contact can effectively remove

surface contaminants. However, immediate ionization of the surface upon peeling off the

protective layer can lead to rapid dust accumulation. Working within a laminar flow bench
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equipped with a (de)ionizing bar can help mitigate this effect to some extent by reducing

electrostatic attraction of airborne particles.

7.2 Rethinking curved cavity mirrors: intracavity lenses

The curvature of cavity mirrors creates a trapping confinement for the cavity mode. A stable

cavity configuration imposes constraints on both the curvature of the end mirrors and the

overall cavity length [28]. Intracavity lenses can provide the same trapping as curved cavity

mirrors. Mathematically, this equivalence can be demonstrated by

Mmirror(R = f) =Mlens(f)Mplane-mirrorMlens(f), (7.3)

where Mi represents the ABCD matrix of the corresponding optical element (Appendix A.1).

In addition, the spacing between the lens and the plane mirror can be varied, giving more

freedom in configuration.

The use of lenses in cavities has been discussed as early as 1965 [122, 123] and in the

recent years [124] to improve laser stability and robustness to alignment, primarily using

imaging properties of lenses via conjugate-concentric and cat-eye geometries.

Taking advantage of modern day polishing and coating advancements, we demonstrated

deployment of lenses within high-finesse cavities for integration with cavity QED experi-

ments. The first experiments with intracavity plano-convex lenses in high-finesse cavities2

provided a limiting finesse of 11000 for one plano-convex lens (4 intracavity surfaces per

round trip) and 17000 for two plano-convex lenses (8 intracavity surfaces per round trip).

The lenses were AR coated for 780 nm with R < 0.2% (Layertec, R = 100 mm). They

were placed inside a cavity formed of near-planar mirrors (Laseroptik, R = 5000 mm plano-

concave mirrors, limiting finesse: 7000). Note that 0.2% reflection per surface should limit

2. Finesse in the range of a few thousand
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the cavity finesse to about 800, but the higher finesse is likely due to the Purcell suppression

of the backscattered light. Finesse measurement with a Thorlabs lens (LB4854-B, f=20 mm,

R < 0.25%) was measured to be ∼ 600. The difference is likely a combination of the AR

coating and the surface roughness of the lens, as the substrate was fused silica in both cases.

7.2.1 Astigmatism correction in non-0 angle of incidence cavities

A twisted, non-planar cavity geometry supports Laguerre-Gaussian modes with well defined

orbital angular momenta (OAM), that are well-suited to study topological effects in light-

matter interactions such as in [125, 126]. The cavities mentioned in these references could

not operate at complete degeneracy because of quadratic astigmatism introduced by the

non-zero angle of incidence on the curved mirrors, which would couple every second OAM

mode.

When a ray hits a curved mirror at a non-zero angle of incidence, it experiences different

radii of curvature along the two principal axes, given by

Reff = R cos θ, Reff =
R

cos θ
(7.4)

in the plane of reflection (tangential) and orthogonal to the plane of reflection (sagittal),

respectively [28]. In cavities where the cavity axis meets the curved mirror at an angle,

this leads to symmetry-breaking for the modes in the sagittal and transverse planes as they

accumulate different Gouy phases and have different resonance frequencies. To suppress

the quadratic astigmatism, previous experiments operated at s = 3 degeneracy [126], such

that every third eigenmode was degenerate, but the cavity still remained sensitive to cubic

astigmatism which couples every third OAM mode.

When curved mirrors are replaced by lenses and plane mirrors, the cavity axis meets the

curved surfaces at a normal angle of incidence, preserving the symmetry and eliminating
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the need for custom elliptical or off-axis parabolic mirrors. Figure 7.2 illustrates the cavity

setup built with lenses in the lab by Jaffe et al [96], showing the cavity schematic and the

resulting mode degeneracy breakdown. In the absence of cubic and quadratic astigmatism,

the remaining degeneracy is limited to quartic terms arising from spherical aberration and

non-paraxial propagation, as depicted in the figure.

Figure 7.2: Suppression of quadratic and cubic astigmatism in twisted lens cavities. Figures
from [96]. (a)-(b) Curved mirrors in a twisted resonator can be replaced by plane mirrors and
lenses, eliminating astigmatism arising from off-axis incidence on the curved mirrors. Figures
(c)-(d) show mode frequencies of consecutive LG modes supported by the twisted resonator
relative to the l = 0 (zero OAM) mode. If the resonator were perfectly degenerate, the points
would have all been at zero, but they miss degeneracy due to aberrations. The aberration
contribution to the spectrum is proportional to l2, as expected for a quartic perturbation in
the absence of quadratic and cubic astigmatism.
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7.2.2 Degenerate cavities

A degenerate cavity is defined as one in which a ray of light exactly retraces its path after

one round trip inside the cavity. Spectroscopically, at degeneracy, all higher-order spatial

modes of the cavity have the same resonance frequency as the lowest-order mode. In such

cavities, any spatial input is resonant with the cavity, it does not have to be mode-matched

to the distinct spatial modes of the cavity. While the concentric configuration (L = 2R) of a

two-curved-mirror cavity should in principle support a degenerate cavity, it is very sensitive

to alignments and supports only very small waists with large beam sizes at the end mirrors.

Figure 7.3 shows the round-trip Gouy phases and waists of a cavity mode in the case

of a two-curved-mirror cavity and a two-lens cavity. Complete degeneracy is achieved when

the round-trip Gouy phase is 0 or an integral multiple of 2π. It can be seen that for the

lens cavity, at the 4-f configuration with the lenses, the Gouy phase reaches zero with a

non-diminishing waist size and a wide stability region. Such a nearly-degenerate 4-f cavity

with two plano-convex lenses was built in the lab to perform cavity Floquet Hamiltonian

experiments and is discussed further in chapter 8.

It will be interesting to explore other self-imaging lens systems inside a cavity, such as the

conjugate-concentric configuration [123, 127]. With intracavity GRIN lenses, the Maxwell

fish-eye or Luneberg lens configurations can be achieved for completely degenerate cavities,

although the absorption loss from GRIN material will be a limiting factor.

7.2.3 High-NA cavity QED

As discussed in chapter 2, the cooperativity of a cavity can be enhanced by building a

smaller waist cavity. Figure 7.3e shows a typical waist diagram for a two-mirror cavity.

One can obtain a small waist by either going to the near-planar regime (L → 0) [40] or

near-concentric regime (L → 2R) [24, 128] as shown in figure 7.3e. The former provides

very limited optical access and the latter is extremely sensitive to alignment. A route to
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Figure 7.3: Degeneracy in a two-lens cavity with non-diminishing mode waist (a) A cavity
of length L with two curved mirrors with radii of curvature R. (b) A cavity with two lenses
and plane mirrors. (c), (e) Accumulated round-trip Gouy phase and cavity mode waist as
a function of cavity length for the cavity shown in (a). Degeneracy is achieved when the
Gouy phase is 0 at the edge of stability, when the waists also reach 0. Such degenerate
cavities are hard to construct because of sensitivity to alignment and very large mode sizes
at the end-mirrors. (d), (f) Accumulated round-trip Gouy phase and cavity mode waist as
a function of cavity length L for the cavity shown in (b). Degeneracy is achieved at the 4-f
configuration, with a non-diminishing waist size at the center of the stability diagram.
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yet tinier waists is to explore running-wave cavities such as bow-tie cavities [95] and twisted

non-planar geometries [96, 125, 126] that can go down below 10 microns (Fig 7.2a,b).

For simple two-mirror cavities, intracavity lenses can add additional degree of freedom

allowing a broader configuration space to get close to smaller waists. We consider the cavity

built in the lab by Shadmany et al [32] in figure 7.4a by incorporating an asphere with focal

length f = 1.45 mm. By changing the length of the longer arm L1 with respect to the

shorter arm L2, one can get to sub-micron waists (figure 7.4b) and degeneracy, with a more

forgiving stability range of a few microns. The cooperative enhancement from the small

waist (C = 1.6(2)) enabled a strong coupling regime with a single atom, evident from the

splitting in the cavity spectrum, even at very low finesses (<50) (figure 7.4c).
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Figure 7.4: Strong single-atom-cavity coupling with a lens cavity. (a) A single-lens cavity
with a long arm and a short arm. A curved end-mirror is used to offset the waist from
the end-mirror to enable access for atoms. (b) Waist profiles for different lengths of the
short arm (L2) and long arm (L1) (c) Bare cavity transmission (red), cavity transmission
with one atom loaded (blue) corresponding to a cooperativity C = 1.6(2) achieved through
a sub-micron cavity waist in a very low-finesse (<50) cavity. Figure from [32].

7.3 Scaling to a cavity array: intracavity microlens

arrays

We build an approximately 30×30 cavity array by mounting a microlens array (Thorlabs

ML300-AR) between two plane mirrors. The setup is shown in figure 7.5. The microlens

array is 1 cm x 1 cm in size. Each microlens is a square, parabolic lens and has a pitch

of 300 µm. The focal length of the lenses is 18.6 mm. Each of the mirror-microlens-mirror

module behaves like a single cavity, thus giving an array of cavities. To excite the array
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Figure 7.5: A cavity array (a) is made by mounting a microlens array between two mir-
rors separated by 9.8 mm. The output of the cavity is imaged onto a detector. (b) An
approximately 30×30 array is imaged onto a camera. The pictures show different modes of
operation when all the cavities are driven by an input with a fast (left) and slow (right, top)
frequency sweep, and when the cavity length is changed away from a confocal degeneracy
configuration to reveal higher-order spatial modes in individual cavities (right, bottom).

simultaneously, beam telescope was set up using two lenses to collimate and magnify the

beam diameter to 1 cm.

The finesse of one of the cavities was measured to be 84.4. Mirrors used in the cavity

array had a reflection coefficient R ∼ 0.97, implying that the limiting finesse of the array

is ∼ 430. Figure 7.6 shows a 4x4 non-degenerate set of cavities, and the corresponding 16

resonant peaks on the oscilloscope as the laser is quickly swept over a range of frequencies.

The frequency spacing between the cavities is around 500 MHz. We also demonstrated

proof-of-concept arbitrary cavity control by choosing a non-degenerate set of cavities in the

array and sending particular tones onto the array using an EOM. The array is locked via a

side-of-fringe lock on a single cavity.
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Figure 7.6: Isolated set of 4 × 4 cavities (a) A set of 4 x 4 cavities isolated for the experiment.
The laser frequency is swept fast so that they appear to light up simultaneously. (b) The 16
transmission peaks corresponding to the 16 cavities, fitted to a sum of 16 Lorentzian profiles.

0 GHz 1.0 GHz 1.5 GHz 2.5 GHz

Figure 7.7: Individual cavity control. The laser carrier is locked to the cavities boxed in red.
The arrows point at the cavities resonating with the sidebands introduced by the EOM. The
frequency shown at the bottom of each image is the EOM modulation frequency for that
frame.

7.4 RF and optical modulation of cavities: intracavity

χ(2) crystals

7.4.1 Modulation of the Optical Path Length with an EOM

Electro-optic modulators (EOMs) change the optical path length of light propagating through

a crystal by altering the refractive index when a voltage is applied. In essence, the phase

accumulated by light traveling through a crystal of length L depends on the optical path
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length (OPL), given by nL, where n is the refractive index. When a voltage V is applied

across the crystal, an electric field E = V/d is generated between the electrodes (with d being

the spacing between them), which changes the refractive index via the linear electro-optic

(Pockels) effect.

The change in refractive index is

∆n = −1

2
n3reff

V

d
, (7.5)

where n is the unperturbed refractive index and reff is the effective electro-optic coefficient.

For lithium niobate, the highest reff is typically around 30 pm/V.

The phase shift ∆ϕ experienced by the light is related to the change in optical path

length by

∆ϕ =
2π

λ
∆(OPL) = −π

λ
Ln3reff

V

d
. (7.6)

This mechanism underlies high-bandwidth tuning and stabilization of cavities by rapidly

adjusting the phase shift experienced by the mode without the need for mechanical movement

of the cavity mirrors.

7.4.2 High bandwidth modulation and stabilization of high-finesse

cavities

High-finesse optical cavities use piezoelectric transducers (PZTs) to adjust the mirror spacing

for tuning and stabilization. The mechanical motion of bulk material under the piezoelectric

effect slows down the response time. The operational bandwidth is further reduced (typically

up to a few hundreds of kilohertz) due to factors such as mechanical resonances at low
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frequencies and additional mechanical loads such as big mirrors3.

Integrating an electro-optic crystal such as lithium niobate inside the cavity replaces

mirror displacement with an electrically induced change in refractive index, thereby mod-

ifying the optical path length and effectively changing the length of the cavity. Since the

electrooptic response is much faster compared to piezoelectric response, this approach can

enable modulation over a much broader frequency range from DC up to few GHz, facilitating

rapid tuning and modulation.

For the experiments, we utilized a 3 mm long crystal (figure 7.8a) with transverse di-

mensions of 2×2mm2, and achieved a limiting finesse of 9900 (Figure 7.1a). Figure 7.8b

shows cavity spectra when the intracavity crystal is modulated at 20 MHz. The sidebands

appear because the cavity optical path length is being modulated at 20 MHz. At modulation

frequencies ωm ≪ cavity FSR, the sideband transmission amplitude can be approximately

described by Bessel functions as in the case of laser modulation. Figure 7.8c shows high-

bandwidth stabilization of the cavity in action when the measured photodiode signal of the

cavity transmission is fed back to the intracavity crystal (after being amplified using a gain

= 2) while the drive laser is swept across resonance.

Figure 7.8d shows the network analyzer (NA) measurement of the cavity transmission

as a function of frequency of the output of the NA, which is sent as a perturbation to the

cavity through the crystal. The crystal also receives the output photodiode cavity signal

and feeds back to the cavity accordingly. The measurement is done when the laser is loosely

locked to the cavity for stabilizing slow drifts . A fall-off at around 1 MHz is observed. The

50Ω RC bandwidth of the EOM drive circuit is calculated to be 4 GHz, which suggests that

our stabilization was limited by the cavity linewidth (∼811 kHz), and the bandwidth of the

intracavity EOM lock was larger than the cavity linewidth.

3. There have been demonstrations of high bandwidth piezoelectric actuator performance: for instance,
see Reference [129].
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Figure 7.8: High-bandwidth intracavity modulation and stabilization. (a) Mount for the
intracavity lithium niobate crystal. The 2 mm × 2 mm × 3 mm crystal is clamped to
the surface of the aluminum mount with the acrylic piece. The aluminum mount acts as
the ground. The top gold-plate surface of the crystal is placed in surface contact with a
copper strip for the other voltage terminal. (b) Modulation of the cavity length by the
intracavity EOM at 20 MHz. (c) Demonstration of feedback to the cavity length via the
crystal. The rising edge corresponds to positive feedback, hence it is lengthened, the falling
edge corresponds to negative feedback (desired). (d) Measurement of the cavity response
when the laser is lightly locked to the cavity and the crystal actively feeds back to the cavity.
The fall-off happens at about 1.1 MHz, around the linewidth of the cavity. The 50Ω RC-
limited bandwidth of the crystal is 4 GHz, suggesting a lock bandwidth higher than 1 MHz
for the intracavity EOM lock.
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7.4.3 Home-built high-frequency EOM

The cavity modulation is Purcell-suppressed as the frequency of the modulation is increased,

requiring higher power at higher frequency drives. However, if the frequency corresponds to

the transverse mode spacing, or the FSR of the cavity, the Purcell enhancement is expected

to boost the modulation even at lower powers. This requires building an EOM that can

be driven at higher frequencies, corresponding to typical free spectral ranges of macroscopic

optical cavities – it is difficult to do so with a conductive contact with the crystal because all

of the power will be reflected at high frequencies without intentional impedance matching,

so we built a resonant EOM. Following Reference [130], we build an in-house resonant EOM

Figure 7.9: Resonant EOM at 166 MHz. (a) The crystal is shown with the copper sheet-coil
and the driving coil inductively coupled to the copper-sheet + crystal LC circuit. (b) 1.5%
laser sidebands at 166 MHz measured via cavity spectroscopy. Note that this EOM is outside
the cavity. (c), (d) Impedance-matching of the driving coil to the EOM circuit characterized
by measuring the reflection into the driving coil as a function of drive frequency on a network
analyzer.
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at 166 MHz (Figure 7.9). To construct the EOM, a copper sheet was sheared into a 12 in x

1 in piece, and formed into a single coil-like shape with a diameter of 3.7 in (Figure 7.9a).

The edges of the coil were bent at around 1 cm to create flaps to hold the 26 mm x 9 mm x 9

mm lithium niobate crystal with the help of an acrylic mount made by laser cutting. Acrylic

works as an insulator, preventing any electrical loss to the mount by isolating the EOM. The

coupling coil was a single loop of copper wire, plugged into a Mini circuits ZHL-1-2W-S+

amplifier, that was in fed by a Programmed Test Source at the resonant frequency. The

maximum power input to the EOM was 36 dBm (around 4 W).

The system is designed to be critically coupled as can be seen by the zero reflection at

the driving coil at the resonance frequency in the trace shown in figure 7.9c: all the power

going into the inductive coil is transferred completely to the EOM with no reflections. This

condition was reached at by moving the inductive coil relative to the EOM coil to achieve

perfect impedance matching. The quality factor Q (= resonant frequency/FWHM) of the

resonator was measured to be 167.

Calculations estimate a power of around 8% in the first order sideband with an input

power of 36 dBm. Figure 7.9b shows the first order sidebands obtained at a resonant fre-

quency of 165.85 MHz at the same input power. The sideband intensity is almost ∼ 1.5% of

the total intensity. Some reasons for this deviation could be imperfect coupling, piezoelec-

tric resonances and losses to surroundings. Observation of noise at 165.85 MHz on other lab

electronics support the latter. Some possible improvements include using more input power,

a smaller crystal or making a higher Q resonator. We could not put this crystal inside a

cavity because it was not AR coated.
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7.5 Discussion

Aberration engineering with intracavity optics

Cavities in the recent years have tried to become high-finesse, near-degenerate and small-

waisted in an effort to increase the cooperativity. The paraxial ABCD description is not

complete in these extremes and non-paraxial corrections and aberrations from optics need

to be taken into account. Using the theory developed in [96] and utilizing techniques to

shape the profile of intracavity optics such as phase plates can help correct for these factors

as required.

Cavity atom array

Integrating a cavity array with aspheres will provide an array of cavities with high single-

atom cooperativities and is a direction now being pursued in the lab. The atom-cavity array

can be used to implement site-specific fast gates and high-rate readout.

Fast tunability of finesse for on-demand cavity readout

Beyond high bandwidth stabilization, intracavity EOMs in high-finesse cavities can be uti-

lized for fast control of cavity finesses. Reference [90] demonstrates tunable finesse by using

a second cavity as a mirror whose transmission can be changed by changing the length of

the cavity. Incorporating an EOM in the second cavity will enable fast tuning of the length

of the second cavity, and hence fast control of the finesse of the first cavity. Similar to the

optical coupling, this could be useful for fast switching of on-demand readout of atoms from

cavities.
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Spatial phase profiling in a cavity array

Figure 7.10 depicts one possible implementation of spatial phase profiling using an electroop-

tic crystal to obtain a range of almost λ/4 phase shift at 780 nm across the crystal with an

applied voltage range of -300 to 300 V. Such a capability can be useful for individually sta-

bilizing cavities in a cavity array, correcting the cavity frequencies for inhomogeneous Stark

shifts across the array, or fast individual site addressing of cavities.

Figure 7.10: Spatial phase profiling with an intracavity EOM. Instead of having one uniform
conducting plate for providing voltage to the crystal, one could use multiple conducting pads
with individual potentials (for example, by designing a PCB). (a) and (b) show a simulation
with such a design when there is a gradient of voltage along the columns of pads. The
different curves correspond to the profiles for round-trip phase shift along line cuts at y =
0.6 × length and z = 0.25 (green), 0.5 (blue), 0.75 (red) × height. The simulation is done
on COMSOL Multiphysics. (Thanks to Oguz Tolga Celik for helping me get started with
the software.)
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Chapter 8

Floquet Hamiltonians for light in lens

cavities

Building on one application of degenerate cavities with intracavity lenses, this chapter will

discuss engineering Floquet Hamiltonian dynamics in cavities. After a brief introduction of

the cavity Floquet formalism, section 8.1 will discuss the dynamics of a synthetic, massive

light wavepacket in 1D harmonic and 2D harmonic potentials in cavities, including dynamics

with a barrier in a 2D harmonic well. Section 8.2 will discuss preliminary results demon-

strating non-local Hamiltonian dynamics and Section 8.3 will discuss design considerations

for simulating a non-local Hamiltonian for fast transport of the light particle across a cavity

plane. Towards the end, the chapter will briefly mention potential improvements to the

platform design and applications in studying particle dynamics in non-trivial geometries.

Introduction

A ray trapped inside the cavity is transformed in exactly the same manner every cavity round

trip time 2Lcav/c. Much like in a solid-state crystal, where an electron experiences a periodic

potential and Bloch theory can be used to simplify the analysis, a Floquet Hamiltonian
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Figure 8.1: Cavity Floquet Hamiltonian engineering. (a) If we unfold a cavity into a series of
periodically repeating optical elements, it is simpler to see how a ray (or mode) inside a cavity
experiences a periodic evolution in time. This periodicity enables a Floquet Hamiltonian
formalism for cavity modes in a plane. (b) The curvature of the mirrors or lenses in the
cavity provide a restraining potential for light. If the position of the ray is observed every
round trip along a line in a 1D near-degenerate cavity, it follows an evolution equivalent
to that of a massive particle in a harmonic potential. (c), (d) The position of a ray every
round-trip in one plane of a 2D cavity is traced for a nearly-degenerate cavity (c) and non-
degenerate cavity (d). A later round trip has a lighter shade of blue. As we get closer
to degeneracy, the stroboscopic evolution approaches a continuous evolution. We operate
in the near-degenerate configuration to simulate the Hamiltonians using synthetic massive
light particles in the following sections.
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formalism can be devised for cavities, with system periodicity in time instead of space. The

analogy doesn’t go too far: the former results in quasimomenta and the latter in quasienergies

as c-numbers.

The full derivation of the formalism is described in Ref [131]. A transverse intracavity

plane is selected with the corresponding round-trip ABCD matrix, and a continuous Hamil-

tonian is found such that it replicates the stroboscopic evolution of the ray in the plane. In

the limit that the transverse plane dynamics are much slower than the longitudinal dynam-

ics, the stroboscopic evolution approaches the continuous evolution limit. This limit requires

the cavity condition that transverse mode-spacing (TMS) ≪ free-spectral range.

For the simplest case of a two-mirror resonator at near-degeneracy, the equivalent Hamil-

tonian is that of a 2D harmonic oscillator (Fig 8.1), with the trap frequency ωtrap correspond-

ing to 2π×TMS. The picture checks with the Hermite-Gaussian eigenmodes of the cavity,

which are also the eigenmodes for a quantum harmonic oscillator. It is worth emphasizing

that the cavity dynamics are entirely classical, it just so happens that both systems follow

identical differential equations that yield identical eigenmodes and dynamics thereafter.

8.1 Local harmonic potentials

8.1.1 1D harmonic oscillator: three mirror cavity

In a three-mirror cavity tuned to confocal degeneracy [28], the electric field gets flipped after

each round trip in the plane of reflection due to an odd number of mirrors (figure 8.2a and

b). This is equivalent to observing that the eigenmodes along the cavity plane acquire an

additional π phase, which results in a complete degeneracy condition for that axis versus a

confocal half-degeneracy condition for the orthogonal axis. The additional degree of freedom

offered by the addition of a third mirror for controlling different arm lengths also allows one

to minimize the region of unstable confocality, that arises in a two-mirror cavity with slight
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differences in the radii of curvature, thus allowing one to obtain a more nearly-degenerate

cavity along one of the axes.

Figure 8.2: 1D harmonic oscillation of a synthetic light particle in a three-mirror cavity. (a)
The three-mirror running wave cavity is made of three concave mirrors at 120 degrees to each
other and is stably nearly-degenerate along the cavity plane axis. One running-wave mode
is used for measuring dynamics and the backward mode is used for stabilizing the cavity to
the laser. (b) Due to image rotation, cavity eigenmodes in the plane of the cavity acquire
an additional π phase which shifts the confocal point to the fully degenerate point for those
eigenmodes. The control on the individual length segments via mirror translation stages help
to move away from the unstable point for a confocal cavity. (c) Injected pulse’s temporal
profile (RF input to the EOM on the optical input) and the measured sinusoidal oscillator
dynamics. Spatially, the particle is injected by displacing a spatially Gaussian input from the
cavity axis (equivalent to initially exciting a pendulum by releasing it from a point away from
its resting position). The displaced Gaussian is a superposition of higher-order HG eigen-
modes of the cavity, with weights equal to those of a coherent state. Temporally, the injection
of the particle is done by generating a short pulse with an RF-switch and an EOM such that
it is resonant with all the spatial modes around the mean mode index of the coherent state.
The output is imaged on an avalanche photodiode with 400 MHz bandwidth and a small
aperture, such that its imagining resolution is finer than the amplitude of oscillation. At each
location, a time trace is taken and later the data is reshaped to obtain the spatio-temporal
dynamics shown in the figure. The dynamics correspond to a transverse mode spacing of
about 30 MHz, at a free-spectral range of about 2.5 GHz.

Such a cavity is shown in Fig 8.2a. The parameters of the cavity were determined using a

ray-tracing code ensuring that the rays in the mode return to their original position and slope

after one round-trip in the cavity. The cavity spacer was machined in the GCIS machine

shop. To excite the cavity with a coherent state, an off-axis Gaussian is injected into the

cavity. Spectroscopically, the input should be wide-enough to cover the frequencies of the
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required spatial modes1 in the near-degenerate manifold.

Fig 8.2c shows the injected pulse profile and the sinusoidal oscillator dynamics measured

by a photodiode mounted on a 2-axes translation stage.

8.1.2 2D harmonic oscillator: lens cavities

Figure 8.3: Cavity for the 2D harmonic potential using two lenses and plane mirrors. As dis-
cussed in the previous chapter, this configuration enables a nearly-degenerate cavity without
going to the edges of the stability diagram with very tiny waists. The cavity is folded to
enable adequate optical access for input, locking and coupling to other cavities in the latter
sections. f1 = 54 mm, δ ∼ ∆ ∼ 6 mm. The transverse mode spacing can be tuned by
changing δ. We operated around 4 MHz for the transverse mode spacing. The dynamics are
shown in figure 8.4.

To explore Floquet engineering further, we design a near-degenerate cavity, now in 2D,

using two lenses in a 4f configuration. This configuration allows us to approach degeneracy

at a finite waist as shown in the previous chapter. Another added advantage is that the

1. Ideally, the spectral width should include all the spatial modes supported by the cavity. Experimentally,
the number of modes can be determined by the maximum initial displacement of the input beam, and lower
number of modes allows us to have longer pulse durations.
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t = -14 ns t = 0 ns t = 14 ns t = 28 ns t = 42 ns

t = 56 ns t = 70 ns t = 84 ns t = 98 ns t = 112 ns

t = 126 ns t = 140 ns t = 154 ns t = 168 ns t = 182 ns

t = 196 ns t = 210 ns t = 224 ns t = 238 ns t = 252 ns

Figure 8.4: 2D harmonic oscillation of a synthetic light particle in a two-lens cavity. A
two-lens cavity in a 4f-configuration provides a nearly-degenerate cavity along both axes,
proving a 2D (Floquet) harmonic potential. The particle is injected in a similar manner
as the three-mirror cavity (figure 8.2) and the measurement photodiode is translated along
both the x and y axis. The particle follows an anticlockwise trajectory. Each frame has
been renormalized in intensity for visibility. In actuality, the intensity decays as light is lost
from the cavity. The white spot in the later frames is an artefact of background subtraction,
but gives a reference for the initial injected pulse. For the measurement, we lock the cavity
to the HG00 mode as it is spatially separated from the dynamics region and the output is
subtracted from the data frames shown here.
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waist of the cavity lies on the end plane mirrors, which we also choose as the imaging plane2.

This is also helpful in later stages when we couple to another cavity.

Using the same method as before, we confirm the 2D harmonic oscillator behavior of

an injected wavepacket in the cavity as shown in Fig 8.4. Because of the low-finesse of the

cavity3 and limited available laser power, we are only able to capture a part of the cycle

before the intracavity light is completely lost.

8.1.3 Reflection off a barrier in a harmonic potential

Next, we use an end mirror with a rectangular deformation (figure 8.11a) to emulate a

barrier in the harmonic oscillator potential. The deformation is achieved by having an extra

deposition of the substrate on the mirror in a localized region, such that it imparts a local

phase-shift of about 0.42π to the modes in the region. The details of the process are discussed

in the figure description. The dynamics can be numerically simulated using the more general

method discussed in section 8.3.1.1. The Hamiltonian according to which the wavepacket

evolves is:

H =
p⃗2

2m
+

1

2
m2ω2x⃗2 + U(x⃗) (8.1)

where U(x) is a step-function potential. In figure 8.5, we can see the expected effect on the

synthetic particle as it gets reflected once it encounters the barrier.
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t = -24 ns t = -4 ns t = 16 ns t = 36 ns

t = 56 ns t = 76 ns t = 96 ns t = 116 ns

t = 136 ns t = 156 ns t = 176 ns t = 196 ns

t = 216 ns t = 236 ns t = 256 ns t = 276 ns

Figure 8.5: Dynamics in a 2D harmonic potential well with a barrier. The red rectangle marks
the approximate position of a “barrier” in the 2D harmonic potential well, implemented by
using an end-mirror which has an extra deposition such that it imparts a phase shift of
about 0.42π to the cavity modes in that region (figure 8.11a). The injected particle is seen
to follow an anticlockwise trajectory until it hits the barrier and is reflected, much like a
massive particle in a potential well with a barrier.
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Figure 8.6: Cavities for the non-local coupling in a 2D harmonic well. The primary (nearly-
degenerate) ‘science’ cavity is off-resonantly coupled to a degenerate confocal cavity to break
the odd-even symmetry of the science cavity. The coupling strength between spatial modes
a and b of the two cavities respectively is g/2π =

√
T FSRscience FSRconfocalΦ(a, b)/2π,

where Φ(a, b) is the spatial overlap between the two modes and T is the transmission co-
efficient of the shared end-mirror. The cavity parameters are {f1, f2} = {54, 22} mm,
δ ∼ ∆ ∼ 6 mm. The dynamics are shown in figure 8.7.
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t = -4 ns t = 4 ns t = 12 ns t = 20 ns t = 28 ns

t = 36 ns t = 44 ns t = 52 ns t = 60 ns t = 68 ns

t = 76 ns t = 84 ns t = 92 ns t = 100 ns t = 108 ns

t = 116 ns t = 124 ns t = 132 ns t = 140 ns t = 148 ns

Figure 8.7: Implementing a non-local Floquet hamiltonian. The 2D oscillator ‘science’ cavity
is coupled to a second degenerate confocal cavity (figure 8.6). The detunings are set such
that the confocal cavity can be adiabatically eliminated, leading to Rabi-like oscillations of
the particle in the 2D plane of interest. The rate of oscillation is set by the coupling rate of
the cavities g (figure 8.6) and ∆/2π, the detuning of the science cavity with respect to the
confocal cavity odd/even manifolds, set to be equal to 0.25 FSR of the confocal cavity. The
particle follows an anticlockwise trajectory, gets transported to the diametrically opposite
end, and continues the anticlockwise motion. The vertical white stripe is a lock failure during
the course of the data run.
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8.2 Non-local potentials

8.2.1 Coupling to a confocal cavity

We implement a special class of non-local potentials of the form V (x⃗,−x⃗) by coupling the

near-degenerate “science” cavity with a degenerate confocal cavity. In the limit that the

detuning of the confocal cavity from the science cavity is ≫ TMS of the science cavity, the

coupling introduces a dispersive shift in the science cavity, given by

H ′ =
∞∑

neven=0,2,4..

g2

∆
|neven⟩ ⟨neven| −

∞∑
nodd=1,3,5..

g2

∆
|nodd⟩ ⟨nodd| (8.2)

where g/2π =
√
T FSRscience FSRconfocal/2π and ∆/2π = FSRconfocal/4 is the detuning of

the confocal cavity chosen such that the science modes lie equidistant in energy from the

odd and even manifolds of the confocal cavity. In the position basis, the perturbation can

be written as

H ′ =
g2

∆

∫
A
d2x⃗ (|x⃗⟩ ⟨−x⃗|+ |x⃗⟩ ⟨−x⃗|) (8.3)

showing the non-local potential in the science cavity implemented by the off-resonant cou-

pling. In the limit that the rate g2/(∆) > ωtrap, an injected particle smoothly oscillates

between x⃗ and diametrically opposite −x⃗ multiple times as it performs a 2D harmonic oscil-

lation motion. This can be interpreted as a spatial Rabi oscillation between the two points.

We could see the first half of a cycle in our experiment as shown in Fig 8.7, limited by the

finesse of our science cavity.

2. It is interesting to note that any transverse plane of the cavity will show oscillator dynamics. The
momenta in different planes are related via gauge transformations [131]

3. The finesse for this experiment is limited by the environmental dust conditions. Operating in a clean
environment such as a flow bench would have improved the lifetime.
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t = 0.0 ns t = 5.9 ns t = 11.9 ns t = 17.8 ns

t = 23.7 ns t = 29.6 ns t = 35.6 ns t = 41.5 ns

t = 47.4 ns t = 53.3 ns t = 59.3 ns t = 65.2 ns

t = 71.1 ns t = 77.0 ns t = 83.0 ns t = 88.9 ns

Figure 8.8: Simulation: creating a handle in space using setup shown in figure 8.9. The
particle continues in a clockwise trajectory in the 2D harmonic well until it reaches a location
where it couples to the confocal cavity and near-instantly (unlike the gradual Rabi-like-
transfer in the previous figure) appears on the diametrically opposite end. The dynamics
can be explained via constructive and destructive interferences as discussed in figure 8.10.
The method of simulation is described in section 8.3.1.1 and the code is available at [132].

127



8.3 Future work

8.3.1 Near-instantaneous transfer of a synthetic light particle

Figure 8.9: Cavities for designing a handle in 2D space. A localized phase-shift (figure 8.11b)
is introduced in the main cavity to provide a local potential, and another localized phase-shift
(figure 8.11c) is added to the confocal cavity. Together, the coupling and the phase-shifts
break the odd-even symmetry of the science cavity in a way that the particle in the 2D plane
appears to transfer through the localized region instantly (figure 8.8 and 8.10). A second
compensation confocal cavity is added to remove the Rabi-like oscillations seen in figure 8.7,
by detuning the science cavity in the other direction with respect to the odd and even modes
of the second confocal cavity as compared to the first confocal cavity.

Finally, we would like to demonstrate near-instantaneous transfer of the particle to an-

other point in the 2D plane when it reaches a particular point. The simulation is shown

in figure 8.8. The goal of the experiment is to effectively change the geometry of the 2D

space by creating a direct connection between two spatially well-separated points, and ex-

plore the dynamics of a massive particle on the new space. It requires a combination of

ingredients (figure 8.9): the primary nearly-2D-degenerate cavity with a local phase-shift,

a confocal cavity with a local phase-shift, and another compensation confocal cavity. The

specific pattern of phase shifts is shown in figures 8.11, 8.12 and 8.13. The coupling to the
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Figure 8.10: Building intuition for the nonlocal transport of the particle. We can decompose
the science spatial wavepacket into superpositions of odd and even wavepackets. The coupling
to the confocal cavity in the localized region makes the odd component reflect from the local
potential with a different phase in the science cavity with respect to the even component,
leading to a destructive spatial interference in the initial quadrant and a constructive spatial
interference in the opposite quadrant, thus quickly transporting the particle across the space.

confocal cavity with the deposition breaks the odd-even symmetry of science cavity making

the odd part of the wavepacket reflect with a ∼ π phase-shift with respect to the even part.

This leads to a destructive interference in the initial location of the wavepacket and a con-

structive interference at the opposite point in space (figure 8.10), leading to a greater than

95% transfer of the wavepacket across space. The transfer happens almost instantaneously

during the time of reflection.

8.3.1.1 Method of numerical simulation

The unperturbed Hamiltonian Hsc for the science cavity resembles that of a quantum har-

monic oscillator with the diagonal terms = (n + m) × ωtrap, where ωtrap = 2π× cavity

transverse-mode spacing (TMS) is the trap frequency. The Hamiltonian Hcon, 1/2 for the

confocal cavities is a diagonal matrix with two blocks, with identical diagonal elements

within each block, corresponding to the energies of the odd and even modes. The effect of

the deposition within individual cavities is modeled by calculating the spatial overlap of each

of the spatial modes with the phase-shift profile V (x⃗):
∫∞
−∞ d2x⃗ ψ∗a(x⃗)V (x⃗)ψb(x⃗), where a

and b are HG mode indices of modes of the same cavity. These terms are added to the off-
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diagonal terms of the unperturbed Hamiltonians Hsc and Hcon, 1. To couple these cavities, a

super-Hamiltonian on the Hilbert space of all three cavities is constructed which has 3 blocks

consisting of Hsc, p, Hcon, 1, p and Hcon, 1, where the subscript p implies that these Hamil-

tonians are perturbed by the depositions. The relative energies of the three cavities are set.

The off-diagonal terms of the super-Hamiltonian are calculated via g
∫∞
−∞ d2x⃗ ψ∗a(x⃗)ψb(x⃗),

where a and b are now modes of different cavities. The integrals are calculated using scipy

with C integration for faster evaluations. Once the super-Hamiltonian is ready, it is diagonal-

ized to calculate the eigenvalues and eigenvectors. The initial injection, a displaced Gaussian

formed by the superposition of higher-order modes, is calculated in the new eigenbasis and

is evolved according to the new eigenenergies, to provide the dynamics shown in figure 8.8.

The code is available at [132].

Figure 8.11: Mirror depositions. (a) Test mirror with the 1951 USAF resolution test chart
patterned onto the substrate. The process involves (1) PR coating (2) photoresist pattern de-
position (3) coating phase adjusting spacer (4) stripping photoresist. The pattern deposition
was performed by Opto-line and the substrates and coating were provided by FiveNinesOp-
tics. This mirror was used for local potential experiment shown in figure 8.5. (b) and (c)
patterned mirrors for the planned experiment in section 8.3.1. The specifications for (b) and
(c) are provided in figures 8.12 and 8.13 respectively.

8.3.1.2 Progress and potential improvements

While constructing the system, we ran into difficulties stabilizing the three cavities together

due to mechanical vibrations in our setup which used optical components mounted on in-
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Figure 8.12: Specifications for local potential deposition shown in figure 8.11b for science
cavity mirror.

Figure 8.13: Specifications for nonlocal potential deposition shown in figure 8.11c for confocal
cavity mirror.
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dependent mounts and stages. Going forward, it will be helpful to design a monolithic

structure for the cavities such that the parts don’t vibrate independently and degrees of

freedom can be restricted simplifying the alignment procedures. One possible pathway is

to design a metallic platform with 3-axis flexure piezo-actuated mounts [32] to control the

tip-tilt and cavity-axis-translation degrees of freedom for the intracavity lenses and tip-tilt

control for the mirrors, with the flexure mounts screwed into the metallic platform to ensure

coarse alignment and monolithicity. The design can be further improved by using mirrors

and lenses coated for at least two more wavelengths, such that the other wavelengths can

be used to lock the three cavities (In our current setup, we see interference effects despite

using different polarizations). To observe the dynamics for longer time periods, we will need

to operate in cleaner environment conditions to preserve the finesse of the cavities. Shorter

cavities can also lead to more stable designs and faster dynamics. On the imaging front, it

will be useful to have a two-dimensional detection scheme such as using a focusing lens and

a fiber-array for simultaneously collecting data at multiple spatial locations.

8.3.2 Discussion

Exploring these geometries and observing the behaviour of synthetic matter therein can be

helpful for understanding physical aspects of topology [125]. It will be interesting to observe

the dynamics of a polariton – an atom or an atomic ensemble entangled with a cavity photon

– in a nonlocal potential such as the one demonstrated in figure 8.7. Furthermore, the

platform suggests a unique two-dimensional topology in the cavity plane that merits deeper

theoretical investigation, such as the potential for non-trivial pathways connecting distant

points [133], which could significantly influence our understanding of spatial connectivity

within such systems.
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Chapter 9

Outlook

The thesis began by discussing the cooperative enhancement of atom-field interactions through

cavities and atomic ensembles, finding that (1) emission and absorption of light by an emitter

such as an atom requires interaction with surrounding electromagnetic environment, (2) cav-

ities, by confining the electromagnetic modes in space and frequency, significantly enhance

this interaction, leading to stronger absorption from and emission into a mode compared to

free-space. In Chapters 3-6, we explored how this feature of cavities can be used to effectively

couple light with different frequencies. We explored two frequency regimes and two different

mediators, an atomic ensemble and a non-linear crystal. Technologically, these two schemes

combined can potentially cover a vast breadth of potentially integrable quantum systems,

ranging from superconducting qubits to optical matter-based qubits such as atoms, ions,

molecules and diamond centers.

In Chapter 7-8, we introduced more macroscopic intracavity optics, ranging from lenses,

to lens arrays to phase modulating nonlinear crystals. Combined with low-to-moderate

finesse, high-cooperativity cavities, these tools can be combined to enable a wide range of

capabilities for information readout from quantum systems and its transfer in the form of

photons.

Networking at telecom wavelengths: Efficient networking with photons requires
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minimizing transmission loss, and optical fiber attenuation is one of the key limiting factors.

Figure 9.1 depicts the typical dependence of fiber attenuation on wavelength, showing the

advantage of operating in the telecom regime. The most favorable region for long-distance

quantum communication is the telecom C-band (around 1550 nm), where fiber attenuation

is at its lowest and where existing classical communication infrastructure is already well

established.

Figure 9.1: Fiber attenuation at different optical wavelengths. Curve adapted from [134].

The nonlinear crystal-coupled optical cavity, when designed and optimized for coupling

between the telecom band and the emitter wavelength, can not only be used for efficient

conversion, but can potentially also leverage the enhancement of emitter emission into a

cavity mode directly into the telecom-band. Furthermore, coherent control over spatial

modes can be explored for increasing information channel capacity through additional modes

for encoding information. For the microwave transducer to convert into the telecom-band,

one could consider using atoms with telecom transitions [135] or use the transducer in tandem

with the optical transducer.

Tunable outcoupling: An etalon or a cavity can be used as a cavity-end-mirror with

a tunable reflection coefficient [90]. The effect can be achieved by varying the length of the
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cavity and tuning it into or out of resonance with the frequency of interest. Varying the

length via temperature or mechanical piezo-electric transducers is slow. In contrast, using

nonlinear crystals with either RF- or optical modulation can enable much faster tunability of

the outcoupler via the power and frequency of the RF- or optical- pumps. Such a capability

already exists for superconducting qubits [136, 137] and can be utilized for tunable incoupling

and outcoupling of a photon from an intracavity qubit, coupling two qubits, and performing

quantum simulation experiments with multiple qubits [138].

Cavity atom arrays: Over the past decade, advances in controlling and manipulating

arrays of individual atoms trapped in optical tweezers have established this platform as a

strong contender for scalable quantum computing. Recently, a few works [20, 23, 97] have

demonstrated the integration of an entire atom array within a single optical cavity, aiming

to enable high-fidelity readout of atoms via the cavity and modular computing architectures.

Combining high-NA resonator designs with microlens-array cavities could allow for individual

cavity readout for each atom in the array, enabling greater control, speed and scalability.

This is a very promising direction currently being pursued in the lab. The high-NA resonator

also relaxes constraints on intracavity loss, making it feasible to introduce an intracavity

χ(2) crystal for tunable, site-selective outcoupling. These schemes could potentially offer a

powerful approach to modular computing with neutral atom arrays.

Hybrid quantum systems: Coupled cavities offer interesting avenues for connect-

ing disparate quantum platforms, enabling functionalities that are otherwise challenging to

achieve. For instance, microwave-to-optical coupling scheme can bridge superconducting

qubits and Rydberg atom arrays, leveraging the long coherence times of atomic states for

quantum memory [139] while maintaining fast superconducting qubit processing. Similarly,

the optical-to-optical coupling scheme can interface atomic arrays of different species [101]

for midcircuit ancilla qubits or different platforms such atom arrays and diamond centers for

processing and quantum memory.
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Figure 9.2: Envisioning cross-modality quantum interconnects. Cartoon representations for
potential schemes (a) Integration of intracavity nonlinear crystal with high-NA resonator to
readout at telecom wavelengths (b) Integration of microlens array with small waist cavity
modes. Spatial patterning of applied voltage on a nonlinear crystal in a coupled cavity could
enable site-selective, tunable outcoupler for the array. (c) Coupled doubly-resonant cavity
for interactions with two atomic species.
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Beyond these potential applications as quantum interconnects, the strengths of the di-

verse set of platforms could be useful for

1. Metrology: In addition to transduction, the demonstrated coupling between the

millimeter-wave cavity and atoms opens avenues for constructing quantum-enhanced

metrological states via spin-squeezing1 and single-mmwave photon detectors for as-

tronomy and dark-matter searches [140].

Figure 9.3: Semi-classical simulation of one-axis twisting of a coherent spin state of an atomic
ensemble.

2. Quantum simulation: The degenerate twisted resonator is very promising for studies

of the fractional quantum hall effect with light. Exploring coupled cavities and mirror

perturbations add extra dimensions of versatility to cavity Floquet Hamiltonian engi-

neering. Instead of a physical deposition on a mirror to induce a perturbation in the

Floquet cavity Hamiltonian, one could also consider beam-shaping the optical pump

beam in the coupled cavity resonator to create a perturbation. Beyond simulating

these Hamiltonians, coupling of different longitudinal and transverse modes via RF

modulation of cavities can lead to interesting simulation experiments in a synthetic

1. This is a direction being pursued in the lab, using the hyperfine ground states of Rubidium as the clock
states. The upper state can be Rydberg-dressed to the 35P state with the UV drive, and utilize the strong
single-atom coupling at the millimeter-wave cavity to implement a one-axis-twisting Hamiltonian for the
ensemble. A challenge has been getting a spatially uniform frozen magnetic field inside the superconducting
cavity across the atomic cloud for high-fidelity Raman transitions between the ground-state clock states.
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frequency dimension. Inducing coupling between disparate cavities in a lens-array cav-

ity via spatially varying phases or a confocal configuration could be explored for lattice

physics. Quantum simulation with dual-species atomic ensembles in coupled cavity

modes will also be an interesting direction to explore.

With all these prospects, there remain key challenges such as addressing material losses,

controlling and stabilizing complex systems, integrating with existing technologies, testing

entanglement generation rates for networking and ensuring scalability. Nonetheless, the

progress demonstrated in these prototypical experiments paves an optimistic exploration

path for the future.
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Appendix

A.1 ABCD matrices

A Gaussian mode can be described by the q-parameter [28], related to the beam waist w0

and the Rayleigh range zR as q(z) = z + izR. The beam waist w0 is the minimum waist of

the beam, and the Rayleigh range zR is the distance over which the beam waist increases by

a factor of
√
2 and is related to the waist by zR = πw2

0/λ. The radius of curvature R(z) of

the wavefront and the beam-size w(z) can be extracted from q(z) via the following relations

1

q(z)
=

1

R(z)
− iλ

πnw(z)2

R(z) =
1

Re(q(z)−1)
, w(z) =

√
− 1

Im(q(z)−1)

λ

πn

(.1)

By definition, the cavity mode at a cavity plane with Gaussian parameter q, after a

round-trip propagation through the cavity, should return to the same plane with the same

Gaussian parameter up to a phase factor. This condition is satisfied by the ABCD matrix of

the cavity, which is obtained by multiplying the ABCD matrices of individual components in

the cavity including propagation. As an example, the ABCD matrix of a typical two-mirror

cavity would be written as Mcav = Mprop(L/2)Mmir(R2)Mprop(L)Mmir(R1)Mprop(L/2),

where Mmir is the ABCD matrix for a mirror with radius of curvature R and Mprop(d) is

the ABCD matrix for propagation over distance d. A list of commonly used ABCD matrices
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is provided in Appendix A.1.

The eigenmodes of the cavity are the solutions to the equation Mcav

q
1

 = α

q
1

. For

a stable cavity, the eigenvalue α is of the form eiϕ, where ϕ is the Gouy phase. The Gouy

phase can be used to calculate the transverse mode spacing for the cavity as discussed in

chapter 2. The cavity mode-size can be extracted from elements of Mcav =

A B

C D

 as w =

√
|B|λ
π

√
1

1−(A+D
2 )2

. Note that this mode-size is at the plane Mcav is referenced to. So to cal-

culate the mode-size for a two-mirror cavity at the end-mirror with radius of curvatureR1, the

round-trip matrix should be calculated as Mcav =Mprop(L)Mmir(R2)Mprop(L)Mmir(R1).

Matrix Description(
1 d
0 1

)
Propagation over distance d(

1 0
−2/R 1

)
Reflection from a mirror with radius R, R > 0 for
concave(

1 0
−1/f 1

)
Thin lens with focal length f(

1 0
n1−n2
R·n2

n1
n2

)
Refraction from medium with n1 to n2, R → ∞
for plane interface, R > 0 for convex (center of
curvature after interface)

Table A.1: Commonly used ABCD matrices.

A.2 Collective states

The operator algebra for a two-level atom is equivalent to that for a spin-1/2 particle with

j = 1/2 once we make the identification |g⟩ ≡ |1/2,−1/2⟩ and |e⟩ ≡ |1/2, 1/2⟩. The

angular orbital momentum operators are typically written using the Pauli-spin operators with

{l̂x, l̂y, l̂z} ≡ ℏ/2{σ̂x, σ̂y, σ̂z}. They follow the commutation relations [σ̂i, σ̂j ] = 2iϵijkσ̂k.

The anti-commutation relation {σ̂i, σ̂j} = 2δij restrict the eigenvalues of σ̂z to ±1. The
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raising and lowering operators are defined as σ̂± = σ̂x±iσ̂y and satisfy the anti-commutation

relation {σ̂+, σ̂−} = 1. For an ensemble of N identical two-level atoms, the number of possible

states is 2N . Collective spin operators J’s can be used to represent the internal state of the

N atoms, with

Ĵi =
1

2

N∑
j=1

σ̂
(j)
i , with

Ĵ2 = Ĵ2x + Ĵ2y + Ĵ2z

[Ĵi, Ĵj ] = iϵijkĴk

Ĵ± = Ĵx ± iĴy

[Ĵ+, Ĵ−] = 2Ĵz

(.2)

Working in the J2 and Jz basis, the collective states are |J,M⟩ with J = N/2, N/2 −

1, . . . , 0 and M = −J,−J + 1, . . . , J . However, only J = N/2 states form the (N + 1)-sized

fully symmetric subspace1 And if we assume that the cavity field is completely uniform

across the atomic ensemble (including phase), any interaction with the cavity field will move

the internal state only in the symmetric subspace.

The Holstein-Primakoff transformation maps the collective spin operators to bosonic

operators, where the spin operators, in terms of bosonic operators a, a† can be defined as

Ĵ+ = ℏ
√
2× N

2

√
1− â†â

2× N
2

â
N→∞−−−−→ ℏ

√
N â

Ĵ− = ℏ
√

2× N

2

√
1− â†â

2× N
2

â† N→∞−−−−→ ℏ
√
N â†

Ĵz = ℏ
(
N

2
− â†â

)
(.3)

such that a state |J = N/2,M⟩ can be written as |J,M⟩ → 1√
J !
(â†)J−M |0⟩B2, where |0⟩B

1. For N identical spins, there can only be N+1 symmetric states, and repeatedly applying the symmetric
lowering operator on the maximally symmetric state |J = N/2, Jz = N/2⟩ gives N + 1 symmetric states.

2. The mapping can be done for J ̸= N/2 subspace as well, but it should be an irreducible subspace
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is the vacuum state of the bosonic operators.

In the limit of large N relative to the number of excitations, there is an exact one-to-

one mapping between the bosonic operator and the collective spin operator, allowing us to

write the collective states |G⟩ = |gg . . . g⟩ ≡ |N/2⟩B and |E⟩ = 1√
N

∑N
i=1 |gg . . . ei . . . gg⟩ ≡

|N/2− 1⟩B , as mentioned in the chapters. The symmetric collective states thus form a

truncated harmonic oscillator ladder with N + 1 levels, corresponding to the allowed exci-

tations of the spin-N/2 system. The
√
N collective enhancement in atom–cavity coupling

is also evident from this calculation, where the term
∑N

i=1 gi |gg . . . ei . . . gg⟩ in the multi-

atom Jaynes–Cummings Hamiltonian can be replaced by g
√
N |E⟩ when all atoms experience

identical coupling to the cavity.

Note that for multilevel atomic ensembles, we can define this bosonic operators for each

of the transitions, as we do for incorporating collective states |R⟩ and |F ⟩.

A.3 Effect of ensemble temperature and 297 nm drive

waist on Rabi frequency variation

We numerically simulated the effect of cloud temperature and UV beam size on UV Rabi

oscillations between 5S and 35P state. We sample the Rabi frequency of atoms by sampling

their positions in a 2D Gaussian cloud (atoms at different places will see a different UV field)

and sample the detuning of atoms by sampling their velocities from a 1D Maxwell-Boltzmann

distribution. We then calculate the generalized Rabi frequencies from these samples, and

then average the excited state probabilities at a particular instant to get the overall ensemble

population variation.

The numerics suggested (Fig A.1) that we are limited much more by inhomogeneous

spread in Rabi frequencies than Doppler broadening. The flopping rate is mainly determined

by bare Ω at resonance, which is significantly faster than Doppler broadening (maximum
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Rabi frequency is about 1 MHz, and at 10 µK, the doppler shift distribution’s FWHM is

about 150 kHz around 0 kHz). This can also be seen from the generalized Rabi frequency

expression (
√
Ω2 +∆2) in the limit of Ω ≫ ∆.

The effect of the UV beam waist on the Rabi oscillations is shown in figure A.2.

Figure A.1: Effect of ensemble temperature and 297 nm drive beam waist on Rydberg Rabi
oscillations.

A.4 Intracavity 785 nm lattice

We tested a 785 nm cavity mode, co-resonant with the atomic resonance frequency at 780 nm,

to form an intracavity standing-wave lattice and attempt to compress the atomic cloud for

better contrast in UV Rabi oscillations. The maximum depth of the intracavity lattice was

about 1 MHz, measured from an off-resonant vacuum Rabi splitting due to Stark shift of the
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(a) (b)

Figure A.2: Effect of beam waist on Rabi oscillation contrast. Comparing oscillations at two
waists with (a) equal drive power (b) unequal drive power.

atomic transition by the lattice.

0 1 2 3 4
Probe time ( s)

C
av

it
y 

tr
an

sm
is

si
on

 (
ar

b)

a

No IC lattice
IC lattice

0.0
0.2
0.4

0.6
0.8
1.0

0 10 20 30 40
Probe time ( s)

C
av

it
y 

tr
an

sm
is

si
on

 (
ar

b)

b

Figure A.3: Intracavity 785 nm lattice. (a) The lattice offers a slight improvement in Rabi
oscillation contrast but due to high-frequency noise, heats atoms away quickly (b) especially
as powers get higher

A.5 Coarse spectroscopy for Rydberg transitions

Blue: Following coarse tuning using a wavemeter to approximate the frequency predicted by

the Python library arc [141], the blue frequency corresponding to the Rydberg transition is
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identified using free-space EIT spectroscopy A.4. A 780 nm laser locked to a reference laser,

with frequency corresponding to the 5S1/2 to 5P3/2 transition, is directed into a Rubidium

vapor cell and its frequency is swept across the broad resonance, with the transmitted light

being collected to reveal an absorption dip around the resonance. A single-frequency 481 nm

laser beam is counterpropagated into the vapor cell, and the laser’s frequency is finely tuned.

A small peak emerges when the two-photon resonance condition is satisfied. The frequency

corresponding to this feature is then used to set the appropriate 962 nm lock feature on the

transfer cavity.

Figure A.4: Vapor cell spectroscopy for Rydberg transitions

UV: A depletion spectroscopy technique is applied for the UV transition by exploiting the

shorter lifetime of the 5P3/2 state compared to the Rydberg state A.4. Under simultaneous

excitation of 5S atoms to the 5P state and the Rydberg state, atoms reside predominantly

in the Rydberg state, resulting in higher transmission of resonant 780 nm light through the

vapor cell. Because the signal is small due to weak coupling, lock-in detection is employed:

the UV beam is modulated at 100 kHz with an AOM TTL signal, and the 780 nm trans-
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mission is recorded on a spectrum analyzer as the UV laser current/voltage is tuned. The

780 nm intensity is maintained below saturation. The photodiode signal is demodulated to

reveal a peak versus the UV frequency, aiding in locating the correct sideband on the 1188

nm transfer cavity transmission.

A.6 Thermal photon state and coherent state statistics

We begin by expressing the photon creation and annihilation operators in terms of the photon

operators of N individual atoms with uncorrelated phases ϕi:

â† =
1√
N

N∑
i=1

â
†
ie

−iϕi , â =
1√
N

N∑
i=1

âie
iϕi .

We now calculate the expectation value of (â†)kâl to help us calculate the correlation

function g(2)(0) = ⟨(â†)2â2⟩
⟨â†â⟩2 later:

⟨(â†)kâl⟩ = 1
√
N

l+k

N∑
i1,...,ik=1

N∑
j1,...,jl=1

⟨â†i1e
−iϕi1 . . . â

†
ik
e−iϕik âj1e

iϕj1 . . . âjle
iϕjl ⟩.

We average over many realizations of the phases ϕi. Since the phases are uncorrelated,

the only nonzero terms in the sum arise when for each eiϕi there is a conjugate e−iϕi from

the same atom/source, so the annihilation operators correspond to the same atoms as the

creation operators, even though they might be ordered differently. Also, in each realiza-

tion, a single atom emits only a single photon, disallowing terms with more than one cre-

ation/annihilation operator from the same atom. This reduces the summation to a counting

problem: there are N !
(N−k)!

ways for choosing an arranging k creation operators out of N

operators, and then for each of those ways, k! ways of arranging the annihilation operators

corresponding to the chosen creation operators/atoms. Assuming that the expectation val-

ues for individual photons are the same across all atoms, each average term can be separated
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for individual atoms and with ⟨â†i âi⟩ = n̄ and the discussion earlier, the previous expression

can be simplified to

⟨(â†)kâl⟩ = δkl
1

Nk
· N !

(N − k)!
k!n̄k.

Applying Stirling’s approximation N !
(N−k)!

≈ Nk for large N simplifies the expectation

value to:

⟨(â†)kâl⟩ = δklk!n̄
k.

giving

g
(2)
th (0) =

⟨(a†)2a2⟩
⟨a†a⟩2

=
2n̄2

n̄2
= 2

For coherent states, the mean number of photons ⟨n⟩ is equal to the variance = ⟨n2⟩−⟨n⟩2.

Using the commutation relation [a†, a] = 1 and ⟨a†a⟩ = ⟨n⟩, ⟨(a†)2a2⟩ simplifies to ⟨n2⟩−⟨n⟩,

and we can write for a coherent state

g
(2)
coh(0) =

⟨(a†)2a2⟩
⟨a†a⟩2

=
⟨n2⟩ − ⟨n⟩

⟨n⟩2
= 1

The expression for a coherently displaced thermal state is calculated in the main text.

A.7 Cavity Rydberg EIT at higher Rydberg levels

Figure A.5 show cavity Rydberg EIT with higher Rydberg states, with the corresponding fit

parameters shown in table A.2.
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Figure A.5: EIT scan for higher Rydberg levels. The x-axis corresponds to the 780 nm
probe frequency around the bare cavity resonance, and the y-axis corresponds to the cavity
transmission. The fitted parameters are displayed in table A.2.

Rydberg state {Gopt,Ωb,Γr}
38S 2π × {6.7, 2.1, 0.063} MHz
44D 2π × {6.0, 2.8, 0.897} MHz
46S 2π × {5.9, 1.2, 0.367} MHz
47D 2π × {6.1, 2.4, 0.926} MHz
52D 2π × {6.1, 2.0, 0.576} MHz
53D 2π × {5.6, 2.3, 0.495} MHz
54D 2π × {6.0, 2.1, 0.499} MHz
60D 2π × {5.6, 1.7, 0.840} MHz

Table A.2: Fitted Gopt,Ωb,Γr for Rydberg EIT with higher Rydberg levels.
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A.8 Calculating two-cavity-mode coupling strength g

It is assumed that δE , δR ≫ Ωp,ΓR,ΓE . For an atom at ri, the coupling terms in the

Hamiltonian for crystal-coupled cavities can be written as

Gα(r⃗i) =
µα
ℏ

√
ℏωα

2ϵ0AαL
fα(r⃗i)

Ωp(r⃗i) =
µpEpump

ℏ

where Aα is the effective mode area for a travelling wave mode, L is the length of the cavity,

and fα(r) incorporates the spatial variation of the mode. Summing over all the atoms in the

crystal volume and identifying the expression for the second-order susceptibility χ(2) [72],

g =

(
χ(2)

√
ωaωb

c
√
nanb

Lcrystal|Epump|
)

( √
nanb

Lcrystal
√
AaAb

∫
Vcrystal

dV fa(r⃗)fb(r⃗)fpump(r⃗)

)
c

2L

where the integral includes the phase matching factor. Identifying the free-spectral range

leaves us with

g =
√
ϵ′Φ2 c

2L
=

√
ϵ ν (.4)

where ϵ can be interpreted as the single-pass conversion efficiency of the crystal ϵ′ [72]

modified by the spatial overlap factor Φ, and ν is the cavity free-spectral range. Note: (1)

This model assumes that the crystal does not significantly modify the cavity mode field

amplitude. The predicted values from this model for our platform are within a factor of

3 of the value observed in experiments. For a more accurate analysis, the mode volumes

should be calculated for the part-dielectric cavity, which will scale g accordingly. This model

provides an upper bound on the absolute value but captures the dependence of coupling on

beam waists which affect both the conversion efficiency (by affecting pump field strength at
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a given power) and the spatial overlap (Figure 5.10a and Sec 5.8). (2) For a more accurate

modeling of the crystal χ(2), other permutations of atomic levels need to be included [72].

It does not affect the final expression for g.

A.9 Spatial overlap factor for single-pass conversion

efficiency using Gaussian modes with arbitrary

waists

Reference [94] theoretically analyzes the conversion efficiency for SFG processes with Gaus-

sian beams. The spatial overlap factor h, for single-pass conversion (no cavity) is

h =
1

4ξ4
I

I =

∫ 1

0

∫ 1

0
dz1dz2

exp[i∆k(z1 − z2)]

(z1 − A1)(z2 − A∗
1) + C1

(.5)

ki =
2πni
λi

, bi = woiki, k =
k1
k2

(.6)

ξ1 =
l

b1
, ξ2 =

l

b2
, ξ3 =

ξ1ξ2(1 + k)

ξ2 + kξ1
, ξ4 =

ξ1 + kξ2
1 + k

, (.7)

A1 =
1

2
+
i

4

(
1

ξ3
+

1

ξ4

)
, C1 = − 1

16

(
1

ξ3
− 1

ξ4

)2
(.8)
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